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Abstract: We present a Collaborative Auto-Diversified Optimization Scheme (CADOS) for

solving continuous and combinatorial optimization problems. CADOS aims to explore the synergy

of various optimization algorithms and enhance their effectiveness and efficiency, particularly

in higher-dimensional problems. It incorporates an enhanced version of the previously proposed

approach Auto-Diversified Ameliorated MultiPopulation-based Ensemble Differential Evolution

(AD-AMPEDE), Covariance Matrix Adaptation Evolutionary Strategy (CMA-ES), and a local

search (LS) algorithm. AD-AMPEDE has demonstrated good performance in solving continuous

optimization problems. However, its competitiveness wanes in higher dimensions. CADOS im-

proves AD-AMPEDE’s detection/re-diversification processes and parameters adaptation, making

it effective for higher-dimensional problem classes. To explore nearby regions during stagnation,

a trust-region local search is employed. For re-diversification, CADOS utilizes both CMA-ES,

known for its efficiency in complex fitness landscapes, and the Auto-Enhanced Population Diver-

sity (AEPD) technique. We tested CADOS on the COmparing Continuous Optimizers (COCO)

platform and the results demonstrated excellent performance of CADOS. In addition, to show

the proposed scheme’s efficacy in tackling real-world issues, we employed it to optimize the

design of water distribution networks (WDS). The results we obtained underscore the remarkable

competitiveness of our strategy when compared to widely recognized existing algorithms.
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1 Introduction

Numerous real-world problems could be cast as optimization problems. An optimiza-
tion problem aims to determine the optimal decision variables values that minimize or
maximize an objective function while satisfying any expressed constraints [Talbi and
Draa 2020]. Various types of optimization problems exist in the literature, including
continuous, discrete, and combinatorial optimization.

In continuous optimization [Munoz et al. 2013], the decision variables vary over a
defined continuous (non-discrete) search space. Many difficulties can be faced when
solving instances with non-linear, non-convex, multimodal, and non-separable objective
functions. In fact, the high-dimensionality of the search space, the numerous local optima,
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and the sensitivity to initial conditions make it difficult to get to optimal solutions
[Karaboğa et al. 2004, Nomanet and Iba 2005].

To overcome these hurdles, several methods have been proposed. They can be di-
vided into two primary classes: exact and approximate methods. Exact methods ensure
that the solution obtained is the best possible one. However, they can be computationally
expensive and may even be impractical for higher-dimensional problems. In contrast,
approximate methods provide acceptable, but not necessarily optimal solutions, in a rea-
sonable time [Talbi and Draa 2020]. Local Search (LS) algorithms, Differential Evolution
(DE) algorithms, Genetic Algorithms (GA), and Covariance Matrix Adaptation Evolu-
tionary Strategy (CMA-ES) with its variants are among the most famous approximate
methods used for the continuous optimization problems.

DE algorithm is a population-based stochastic optimization method [Draa et al. 2011].
It generates new solutions based on mutation, crossover, and selection operations [Das
et al. 2016]. The mutation is the main operation in DE [Draa et al. 2011], which produces
potential solutions (vectors) by moving an existing solution using the difference between
some selected solutions multiplied by a scaling factor. Roughly speaking, it makes for
each individual a move following the same direction leading from one given solution to
another. The algorithm’s performance can be notably improved by adapting the control
parameters (scaling factor F , crossover rate Cr, and population size NP ). The main
advantages of DE are its relatively easy implementation, the fewer control parameters,
and its possible adaptability for solving integer and discrete optimization problems
[Karaboğa et al. 2004]. In addition, experimental results demonstrate its remarkable
performance compared to other widely recognized evolutionary algorithms. Despite
these advantages, it has some limitations, such as premature convergence, stagnation,
and slower convergence speed, especially with higher dimension problems [Nomanet
and Iba 2005].

The CMA-ES algorithm has gained significant interest as a method for solving
unconstrained real-parameter optimization problems [Hansen et al. 2003]. CMA-ES uses
a combination of the covariance matrix adaptation, the step size, and the mean of the best
individuals to generate new individuals [Hansen et al. 2003]. It is a powerful and robust
method [Hansen and Ostermeier. 2001] that is capable of finding high-quality solutions.
Despite that, the time and space complexities of CMA-ES increases quadratically with
problem dimensionality [Varelas et al. 2018], which can limit its practical use for high-
dimensional optimization problems.

The LS algorithms are designed to concentrate search in the vicinity of the current
solution for discovering the best nearby solution that enhances the objective function
value [Nomanet and Iba 2005]. However, these algorithms very often get stuck in local
optima because of their weak search space exploratory potential.

It is worth noting that several methods have been proposed in the field of algorithm
combinations, such as iDEaSm (Improved Differential Evolution algorithm with Surro-
gate model) [Awad et al. 2018], which presented an effective surrogate model to assist
the differential evolution algorithm in generating competitive solutions during the search
process. CoBiDE (Covariance Matrix Learning and Bimodal Distribution Parameter
Setting Differential Evolution) [Wang et al. 2014], which incorporates covariance matrix
learning and bimodal distribution parameter setting to enhance the performance of DE
in solving global optimization problems. The goal of these combinations is to increase
the effectiveness of these methods by allowing them to inspire and influence each other.

Inside this realm, we seek in the current research to develop a Collaborative Auto-
Diversified Optimization Scheme (CADOS) involving dynamically and in a coherent
way three methods in order to benefit from the strengths of each and effectively tackle
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all classes of optimization problems.
CADOS includes a modified version of our previous variant of DE (AD-AMPEDE)

[Hezili and Talbi 2022], CMA-ES, and a local search algorithm to address continuous
optimization problems, especially in higher dimensions. This collaboration seeks to
leverage the benefits inherent in these methods.

The AD-AMPEDE (Auto-Diversified Ameliorated MultiPopulation-based Ensemble
Differential Evolution) was used to solve stagnation and premature convergence problems.
It has been tested on BBOB (Black-Box Optimization Benchmarking) functions. AD-
AMPEDE [Hezili and Talbi 2022] has given good results when compared to other
state-of-the-art algorithms.

To improve its performance, especially in higher dimensions, we have made changes
to its detection/re-diversification process. These changes are summarized as follows: in
case of stagnation, we execute a local search process having the local optimum of AD-
AMPEDE as a starting point. This collaboration would thus give a better local optimum.
After ensuring the presence of stagnation and premature convergence using the same
strategy employed in AD-AMPEDE, we execute either the CMA-ES algorithm or the
diversification technique utilized in [Hezili and Talbi 2022] according to a probability
value to diversify the population. The CMA-ES is used to generate new individuals
starting from subpopulations best solutions, while the diversification technique allows
the algorithm to produce newly-formed individuals with an increased likelihood of being
in proximity to the present location. In addition, it was important to understand the
role of the mutation factor and the impact of its alteration on the effectiveness of the
optimization process and its calibrating. A careful analysis of the collaborative scheme’s
behavior was conducted and we chose two different strategies for the mutation factor
generation to obtain more diversity through its values and better results, especially in
higher dimension multimodal functions.

To validate our approach, we first apply it to a set of 24 BBOB functions. The
COmparing Continuous Optimizers (COCO) platform [Hansen et al. 2016] is adopted
to test and compare our algorithm on different instances of the 24 functions with eight
state-of-the-art algorithms.

In addition, to consolidate the validation of CADOS, we opted to employ our algo-
rithm to solve a real world optimization problem: the optimal design of water distribution
networks (WDNs).

WDNs problem could be considered as a combinatorial optimization problem [Surib-
abu 2010]. The objective is to find the best combination of discrete decision variables
including flow rates, pipe diameters, and pressure heads from a large set of possibilities,
while satisfying head constraints and water demands at each node [Zheng et al. 2011].

This paper is consequently structured as follows: Section 2 provides an overview of
DE, CMA-ES, the LS Algorithm and some pre-existing hybrid algorithms. In Section 3,
we present the proposed approach. Section 4 offers a detailed presentation of experimental
results and conducts comprehensive comparisons with other state-of-the-art algorithms.
Section 5 applies CADOS to solve a real-world problem. Finally, Section 6 provides a
conclusion and suggests some future directions..

2 Background

In this section, we first introduce the fundamental principles of DE, CMA-ES, and Local
Search algorithms, followed by a comprehensive discussion of some existing hybrid
algorithms.
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2.1 Fundamental Algorithms

2.1.1 DE

DE [Storn and Price 1997] is a flexible algorithm that can be employed for finding the
global optimum in continuous optimization problems. It generates at first N random
candidate solutions within the bounds of the search space as shown below:

Xi
j = Xminj + rand(0, 1) ∗ (Xmaxj − Xminj) (1)

After the initialization step, it proceeds with the iterative optimization process, where
at each iteration, it applies one of the mutation strategies for each individual in the
population. The ones listed afterward are the most commonly used strategies:

“DE/rand/1” [Storn 1996] :

Vi,G = Xr1,G + F.(Xr2,G − Xr3,G) (2)

“DE/Best/2” [Storn 1996] :

Vi,G = Xbest,G + F.(Xr1,G − Xr2,G) + F.(Xr3,G − Xr4,G) (3)

“DE/current-to-Best/2” [Storn 1996] :

Vi,G = Xr1,G + F.(Xbest,G − Xr2,G) + F.(Xr3,G − Xr4,G) (4)

“DE/target-to-best/1” [Lezama et al. 2018] :

Vi,G = Xi,G + F (Xbest,G − Xi,G) + F (Xr1,G − Xr2,G) (5)

r1, r2, r3, and r4 are randomly selected individuals indices from the population of
size N , these indices are distinct from i. Xbest,G represents the best solution found in
generation G. F is a scalar value randomly chosen within the range [0,1].

Mutation operation offers new solutions (mutant vectors), which will undergo the
crossover operation to produce trial vectors as follows:

U
j
i,G =

{
V

j
i,G if (randj [0, 1] ≤ Cr) orj = k

X
j
i,G otherwise

}
(6)

randj [0, 1] is a uniform number. Cr represents the crossover probability in DE.K
is a randomly selected index. It ensures the inclusion of at least one component of Vi,G

into Ui,G.
Based on their fitness function value, the algorithm chooses between the trial and

parent vectors, and the better one will participate in the next generation. The selection
operation is determined as:

Xi,G+1 =

{
Ui,G if f(Ui,G ≤ Xi,G)
Xi,G

}
(7)

2.1.2 CMA-ES

CMA-ES [Hansen and Ostermeier 1996] was proposed by Hansen and Ostermeier. It
uses the multivariate normal distribution over the covariance matrix to produce the next
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generation’s population. Sample points xi in the population composed of λ individuals
can be determined as shown in the equation 8:

xt+1
i ∼ mt + σtN(0, Ct), i = 1, ..., λ (8)

Wherem represents the weighted mean of the µ best individuals, σ is the step size,
and C denotes the covariance matrix. The initial value ofm is set to 1 and it is updated
as in equation 9:

mg =
1∑µ

i=1 wi

µ∑
i=1

wix
g
i:λ (9)

The weight wi assigned to the i
th selected solution is calculated based on the differ-

ence between the logarithm of the average rank and the logarithm of the individual ranks.
It is typically computed using the following formula:

wi = ln

(
λ+ 1

2

)
− ln(i) (10)

λ is the offspring population size. i is the rank of the solution, with i=1, 2,..., λ.
The step size is a crucial parameter that impacts the exploration-exploitation trade-off

during the search process. It regulates how much of a mutation is applied to the solution
variables, which affects the algorithm’s search behavior and rate of convergence. It is
calculated as described bellow:

ln σg+1 = ln σg +
cσ
dσ

(
‖ P g+1

σ ‖
E ‖ N(0, I) ‖

− 1

)
(11)

Where Pσ is the evolution path initialised to 0, E ‖ N(0, I) ‖ is the expectation
of the Euclidean norm of a N(0, I) distributed random vector, dσ ≥ 1 is the damping
parameter, cσ is the learning rate for updating the evolution path of the covariance matrix,
and ‖ P g+1

σ ‖ refers to the length of the evolution path vector at g+1.
In addition, the covariance matrixC is modified based on the changes in the evolution

path according to the equation 12.

C(g+1) = (1− ccov).C
(g) + ccov.P

(g+1)
c (P

(g+1)

c )T (12)

Where Pc is the evolution path, ccov is the change rate of C. Its value is within [0,1].

2.1.3 Local Search Algorithms

A Local Search (LS) algorithm is an optimization method that iteratively refines a given
solution by exploring its neighborhood and progressing towards better solutions within
that vicinity [Pál 2013]. Various LS algorithms have been proposed, including the Quasi-
Newton Method [Broyden 1965], Interior Point Algorithm [Pál 2013], and Nelder-Mead
Simplex [Pál 2013]. Despite the diversity in these approaches, all of them share the
following fundamental principle:

– Step1: Choose an initial solution and evaluate its fitness using the problem-specific
objective function.
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– Step2: Explore the neighborhood of the current solution by making a move or
transformation according to a given heuristic or rule.

– Step3: Evaluate the fitness of the obtained solution and update the current best
solution if the new one is better.

– Step4: Repeat Steps 2-3 until a stopping criterion is met:

- Maximum number of iterations is achieved.

- A solution is found that satisfies a predetermined fitness threshold.

- No more enhancement is possible from the current solution.

The most known issue when using local search is getting stuck at a locally optimal
solution. Among the ideas employed to fix this problem, we could mention:

– Restarting the algorithm from different initial solutions, in order to explore different
regions of the search space.

– Using somemetaheuristics such as taboo search [Glover 1989] or simulated annealing
[Laarhoven et al. 1987] to escape the local minimum trap.

2.2 Related Work

Recently, many hybrid algorithms have been introduced, by combining different opti-
mization approaches including evolutionary and non-evolutionary algorithms, to enhance
the optimization performance. For instance, in [Xu et al. 2019], the authors proposed
a multi-population algorithm that combines TW-PSO (Time-Window Particle Swarm
Optimization), CMA-ES, and lbest PSO, where lbest refers to the local best topology.
TW-PSO is utilized to find the likely promising areas, whereas CMA-ES is used to
improve the exploitation. However, the lbest PSO is working as a bridge between them.

Mohamed et al. [Mohamed et al. 2017] introduced LSHADE-SPACMA. It hy-
bridizes a new variant of LSHADE (Linear Population Size Reduction SHADE), named
LSHADE-SPA, and a modified version of CMA-ES. LSHADE is an extension of the
SHADE algorithm (Success-History Adaptive Differential Evolution). LSHADE-SPA
employs new semi-parameter adaptation methods to effectively adapt the scaling factor
value of the DE algorithm. The modified version of CMA-ES includes the crossover
operation to enhance the exploration capability of the algorithm. In LSHADE-SPACMA,
the two algorithms will operate concurrently on the same population. However, during
the optimization process, more individuals will be gradually assigned to the algorithm
that demonstrates superior performance.

A multi-population based memetic algorithm CDELS (Competitive Differential
Evolution with Local Search) has been proposed in [Mandal et al. 2011]. It aims to solve
some real world optimization problems by combining a competitive variant of DE with
Solis Wet’s algorithm. DE is utilized for better exploration, while Solis Wet’s is used as
local search to improve exploitation.

For solving nonlinear-regression problems a hybrid evolutionary, a clustering process,
and a local-search algorithm has been proposed in [Martínez-Estudillo et al. 2006]. The
clustering procedure enables the selection of individuals who represent various areas of
the search space. These individuals are the ones who are susceptible to local optimization.



Hezili B., Talbi H.: A Collaborative Auto-Diversified Optimization Scheme 1697

This increases the likelihood that the optimised individuals will converge on several
local optima.

In [Okulewicz and Zaborski 2021], the authors evaluated the SHADE-LM algorithm
that hybridizes the SHADE algorithm with a model-based optimization. In this collabo-
ration, SHADE is granted access to valuable data samples thoughtfully generated by the
model-based optimization technique. The key to this synergy lies in the employment of
mathematical models meticulously tailored to capture the intricate nuances of square
functions, which are intelligently fitted to the current population.

A new variant of a hyper-heuristic framework: Generalized Self-Adapting Particle
Swarm Optimization (PSO) with samples archive (M-GAPSO) has been introduced in
[Okulewicz et al. 2022]. M-GAPSO incorporates PSO, DE and model based optimizers.
The proposed hybrid method’s effectiveness in addressing black-box optimization has
been evaluated on 24 continuous benchmark functions from the COCO test set and
functions from the CEC-2017 test set.

A hybrid genetic algorithm-particle swarm optimization (GA-PSO) with fuzzy adap-
tive acceleration coefficients was introduced in [Noronha 2022]. The proposed approach
aimed to provide an efficient optimization method that achieves fast and non-premature
convergence in the search process by performing a parametric adaptation of the accelera-
tion coefficients of PSO using a fuzzy system.

In [Boks et al. 2020], the authors introduced a novel hybridization method called
PSODE, which integrates particle swarm optimization (PSO) and differential evolution
(DE) algorithms. This hybrid approach involves creating two populations with variation
operators from PSO and DE and selecting individuals from these populations. The
efficiency of PSODE is evaluated based on the value of the best objective function
(bOFV) and the execution time (eTime).

As we have seen above, various hybrid algorithms have emerged to augment the
performance of foundational optimization techniques. Inside this realm, CADOS stands
out as a novel approach designed to foster effective collaboration. It emphasizes auto-
diversification by leveraging the strengths inherent to each constituent algorithm. This
strategic integration enhances the overall performance of the scheme, particularly when
addressing a broader range of BBOB instances in higher dimensions.

3 Proposed Approach

3.1 Auto-Diversified Ameliorated Multi-Population-based Ensemble Differential
Evolution

Numerous studies have been presented to improve the evolutionary process of DE by
dividing the whole population into sub-populations, each of which has its mutation
strategy. In this field, we introduced a multi-population differential evolution with an
automatic re-diversification process (AD-AMPEDE). AD-AMPEDE [Hezili and Talbi
2022] aims to establish an effective collaboration between sub-populations using our
previously proposed approach (AMPEDE) [Hezili and Talbi 2021] and to deal with
stagnation and premature convergence issues using a detection/re-diversification process.
To balance exploitation and exploration, we have usedDE/rand,DE/target-to-best/1, and
DE/current-to-mpbest/1 mutation strategies. DE/current-to-mpbest/1 represents a novel
mutation strategy introduced in this work to complement existing approaches and achieve
a more balanced trade-off between exploitation and exploration in the evolutionary
process. The DE/current-to-mpbest/1 strategy is described as follows [Hezili and Talbi
2021]:



1698 Hezili B., Talbi H.: A Collaborative Auto-Diversified Optimization Scheme

Vi,G = Xi,G + F (mpbestG − Xi,G) + F (Xr1,G − Xr2,G) (13)

Where mpbestG denotes the mean of the best solutions (pbest), corresponding to
the top 20% of the entire population.

The objective function values’ mean is employed to detect whether the population
has stagnated in a non-optimal region or not, as shown in the following:

UM =

{
UM + 1, if |meang −meang−1| < ε, ε = 10−8

UM otherwise
(14)

After confirming the stagnation, we have employed the coefficient of variance (CV )
to verify the loss of diversity within the population, indicating with a high probability that
the population is being trapped in a local optimum. The CV is calculated as in equation
(15):

CV =
σ

µ
(15)

(σ) denotes the standard deviation of the population, and (µ) is the population’s
mean. Based on experimental results, it has been observed that AD-AMPEDE provides
a significant performance enhancement when compared to AMPEDE, especially for
multimodal functions with weak global structure.

3.2 Collaborative Auto-Diversified Optimization Scheme (CADOS)

To enhance the efficiency of AD-AMPEDE in higher dimensions, we opted to utilize a
collaborative scheme, including a modified version of AD-AMPEDE, CMA-ES, and LS.
Each one works in specific conditions and communicates the result of its work to another.
The evolution process of CADOS starts with executing the AD-AMPEDE steps until
stagnation detection. At that moment, the local search trust-region algorithm [Conn et al.
2000] is launched with the top-performing individual as a starting point to effectively
explore its nearby region. If the local search returns a better individual than the one given
by AD-AMPEDE, we consider it as the new local optimum. Otherwise, we keep the
old one. The main idea behind the trust-region methods is to use a quadratic model to
approximate the objective function within a specific area. The trust-region method then
solves the subproblem as follow:

minmk(pk) = fk + gTk pk + 1/2 pTkBk pk (16)

Where f , g, and B represent respectively the objective function, its gradient, and its
Hessian at xk.

The step pk is then updated as defined in equation 17:

pk =
f(xk)− f(xk + pk)

mk(0)−mk(pk)
(17)

Wheremk(0), andmk(pk) denote respectively the model function value at xk and
xk + pk. If p is greater than a certain threshold, the trust region will be widened in the
next iteration. Otherwise, its size will be reduced in the next iteration. The trust-region
method is detailed in Algorithm 1.
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Algorithm 1 Trust-region method

input: starting point x0

for each iteration k do
solve the sub-problem of equation (13) to get the improvement step

evaluate pk using equation (14)
if pk > threshold then

λk+1 ← t1 · λk // t1 is a factor > 1, λk is the radius of the region

if λk+1 > λM then //λM is the upper bound of the trust region size

λk+1 ← λM

end if

else

λk+1 ← t2 · λk //t2 is a reduction factor < 1
end if

x0 ← xk + pk
end for

Upon confirming stagnation, we should ensure the loss of population diversity,
through the calculation of the coefficient of variation as in AD-AMPEDE. Once affirmed
stagnation and premature convergence, a re-diversification process is called. We have
adopted two different manners to do the re-diversification according to a probability
value.

1. The first one aims to create new solutions around every subpopulation’s best
solution, by executing the CMA-ES algorithm. Before running the CMA-ES, we call first
the trust-region method to possibly improve the subpopulations’ current best solutions.
These local solutions are combined with randomly selected individuals from the whole
population to form the initial solution vector for CMA-ES. In our proposal, the weighted
mean of the u best individuals is initiated to the weighted mean of the solution vector
instead of 1. When CMA-ES budget is consumed (budget=100), the solutions are sorted
based on their objective function values. The three best-performing individuals are sent
to AD-AMPEDE and will replace the subpopulations best solutions. The other CMA-
ES solutions will replace random individuals of the AD-AMPEDE population. The
implementation of CMA-ES is described in Algorithm 2.
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Algorithm 2 CMA-ES

1: Input: Xbest, Xrand // 3 best-performing individuals and λ− 3 randomly selected
individuals;

2: Set parameters: σ = 1;minσ = 10−1; λ = 13;
3: Calculate weights based on ranks: wi = log λ+1

2 − log(i);
4: // Parameter Adaptation:
5: cc = 4

N+4 ; ccov = 2
(N+

√
2)2

; cs = 4
N+4 ; damp = 1

cs + 1;

6: χN =
√
N

(
1− 1

4N + 1
21N2

)
7: //Initialize dynamic strategy parameters and constants:
8: B = IN ; D = IN ; //Identity matrices
9: BD = B ∗D; C = (BD)(BD)t;
10: // Population Initialization:
11: Concatenate Xbest and Xrand to form X;
12: Evaluate the fitness of each individual in Xk using the function f(Xk) =

cocoEvaluateFunction(f , Xk));
13: // Evolution:
14: Sort the population based on fitness;
15: Calculate the weighted mean of the best-performing individuals: xmeanw;
16: Generate new offspring: Y by adding random noise to the mean(X);
17: Update the population with the new offspring: Y ;
18: //Evaluate the fitness of the new population:
19: f(Yk) = cocoEvaluateFunction(f ,Yk);
20: //Adaptation of Strategy Parameters:
21: Calculate ymeanw; // mean of the best-performing individuals;
22: //Update pc and ps based on ymeanw:

23: pc = (1− cc) ∗ pc+
√
cc ∗ (2− cc) ∗ cw ∗ (BD ∗ ymeanw);

24: ps = (1− cs) ∗ ps+
√
cs ∗ (2− cs) ∗ cw ∗ (B ∗ ymeanw);

25: //Update σ based on ps and χN :

26: σ = σ ∗ e
||ps||−χN

χN /damp;
27: Ensure symmetry of C:
28: C = (1− ccov) ∗ C + ccov ∗ pc ∗ pct;
29: //Perform eigen decomposition of C to get B and D:
30: [B,D] = eig(C);;
31: //Ensure numerical stability by scaling C and D:

32: tmp = max(diag(D))
1014 −min(diag(D));

33: C = C + tmp ∗ IN ; D = D + tmp ∗ IN ;
34: D =

√
diag(D);

35: //Update BD:
36: BD = B ∗D;
37: // Termination Condition:
38: if (σ ∗min(diag(D))) < minσ then increase σ;
39: Repeat the evolution until the condition counteval < 100 is met;
40: // Results Extraction:
41: Sort the final population based on fitness;
42: Extract the three best-performing individuals: V best and their fitness values:

V Fbest;
43: Extract the random individuals: Xrand and their fitness values: V rand;
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2. The second manner consists in using a re-diversification strategy employed in
AD-AMPEDE, which enables the algorithm to exploit the local area more extensively if it
has not been thoroughly investigated, while also exploring other promising regions. The
detailed AEPD re-diversification method is described in Algorithm 3, while Algorithm 4
determines the diversification strategy for our population.

Algorithm 3 The AEPD re-diversification strategy

1: Generate a random index nb between 1 and NP ;
2: for i = 1 to nb do
3: Regenerate Xi,G+1 of the next generation;
4: end for
5: Calculate the fitness value of Xi,G+1;
6: if the fitness value of the regenerated Xi,G+1 ≤ the fitness value of the original

Xi,G+1 then
7: Substitute the original Xi,G+1 by the regenerated Xi,G+1, and the fitness value

of the original Xi,G+1 by the fitness value of the regenerated Xi,G+1

8: else
9: Use the original Xi,G+1 for the next generation;
10: end if

Algorithm 4 Diversification technique

1: Compute CV of the entire population using the equation (12);
2: Generate a random number p ∼ U(0, 1);
3: if CV ≤ 0.15 then
4: if p < 0.5 then
5: Execute the CMAES algorithm (Algorithm 2);
6: else
7: Execute the AEPD re-diversification strategy (Algorithm 3);
8: end if
9: end if

TheCr parameter is generated following a normal distribution as in [Hezili and Talbi
2021]. However, the F parameter is generated either by following a Cauchy distribution
or by selecting a random value within the range of [0.3, 0.63]. This deliberate approach
enhances the diversity in F ’s values and subsequently yields improved outcomes, partic-
ularly when addressing Adequate Global Structure for multimodal functions with higher
dimensions.

Algorithm 5 describes the collaborative scheme based on the algorithms described
above. In addition, Figure 1 displays an overview illustrating the CADOS methodology,
providing a visual understanding of the employed approach.
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Algorithm 5 pseudo code of CADOS

1: Set µCRj = 0.5, µFj= 0.5,∆fj = 0 and∆fesj = 0 for each j = 1, ..., 4;
2: Initialize, NP , ng, for each j = 1,..., 4;
3: Initialize, the pop randomly distributed in the solution space;
4: Initial λj and set, NPj = λj .NP;
5: Randomly partition pop into pop1, pop2, pop3 and pop4 with respect to their sizes.;
6: Randomly select a sub-population popj ( j = 1, 2, 3) and combine popj with pop4. Let popj

= popj ∪ pop4 and NPj = NPj + NP4 ;
7: moy=mean(pop);
8: Set g = 0;
9: while g ≤ MaxG do
10: g = g + 1;
11: PM=moy;
12: for j=1→3 do
13: Calculate µCRj and µFj ;
14: Calculate CRi,j and Fi,j for each individualXi in popj ;
15: nb=rand();
16: if nb < 0.5 then
17: Calculate Fi,j for each individualXi in popj using a Cauchy distribution;
18: else
19: Calculate Fi,j for each individualXi in popj , where Fi,j=rand()/3+0.3;
20: end if
21: Perform the j th mutation strategy and related crossover operators over subpopulation

popj ;
22: Set SCR,j = ∅; SF,j = ∅;
23: end for
24: for i=1→NP do
25: if f(Xi,g) ≤ f(ui,g) then
26: Xi+1,g =Xi,g;
27: else
28: Xi+1,g= ui,g; CRi,j → SCR,j ; Fi,j → SF,j ;
29: end if
30: end for
31: pop=

⋃
j=1...3 popj ;

32: if mod(g,ng)=0 then

33: k= arg
(
max1<j≤3

(
∆fj

ng.NPj

))
;

34: ∆fj=0;
35: Randomly partition pop into pop1, pop2, pop3 and pop4;
36: Let popk = popk ∪ pop4 and NPk=NPk+ pop4;
37: end if
38: moy=mean(X);
39: ifmoy=PM then
40: UM=UM+1;
41: end if
42: if UM=NP then
43: execute the trust-region method (Algorithm 1);
44: if the Trust-regionmethod returns better individual than the one given byAD-AMPEDE

then
45: Substitute the local optimum with the one derived from the Trust-region method.
46: end if
47: execute the diversification process using in Algorithm 4;
48: end if
49: end while
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Figure 1: CADOS overview

3.3 Algorithm’s Complexity

The complexity of DE can vary depending on several factors, including the dimensional-
ity of the problem, population size, and the number of generations. Initially, the algorithm
randomly generates candidate solutions within the search space, a step typically with a
time complexity of O(population size * dimensionality of the problem space). Subse-
quently, DE executes its main loop for a fixed number of generations (max-generations),
wherein each generation involves mutation, crossover, and selection operations. The
time complexity of each generation depends on the population size and the complexity of
the objective function. Assuming the objective function evaluation dominates the com-
putational cost, the time complexity per generation can be approximated as O(population
size * complexity of objective function).

As the dimensionality increases, the computational cost of DE grows significantly
faster, making it less efficient for high-dimensional problems. That is primarily due to
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the increased number of function evaluations required to explore the entire search space,
resulting in a higher computational burden.

CMA-ES involves the parameters adaptation strategy, such as the covariance matrix,
the evolution path, and the step size, along with the generation of new candidate solu-
tions. The primary computational effort in CMA-ES arises from the iterative process of
generating new candidate solutions, evaluating their fitness, and updating the mean and
covariance matrix accordingly. In higher dimensional problems, the covariance matrix
becomes more complex, leading to increased computational complexity. Furthermore,
the computational complexity of function evaluation for each individual, generated from
a multivariate Gaussian distribution determined by the mean vector and covariance
matrix, also increases.

The complexity of the gradient-based local search method (fmincon) [Pál 2013]
depends on various factors such as the problem dimensionality, the complexity of the
objective function, and the chosen optimization method (for instance, interior-point, trust-
region reflective, etc.). Each iteration in fmincon requires several steps, such as updating
the trust region radius, solving the optimization subproblem, and maybe changing other
parameters like the step size. The complexity of solving the optimization subproblem
depends on the choice of optimization algorithm and the problem dimensionality.

After considering the complexities of DE, CMA-ES, and fmincon, it becomes evident
that each algorithm has its complexity factors and weaknesses, particularly in high-
dimensional optimization problems. By combining AD-AMPEDE (a variant of DE) to
efficiently explore the search space, CMA-ES to address challenges with the complexity
of the covariance matrix, and fmincon to provide efficient local search capabilities, our
proposed algorithm (CADOS) effectively mitigates the individual weaknesses of each
method while capitalizing on their strengths. To improve the efficiency of AD-AMPEDE
and reduce computational complexity, CADOS strategically employs fmincon only in
stagnation scenarios to achieve better convergence. Additionally, CADOS utilizes CMA-
ES with fewer iterations, particularly during loss of diversity scenarios. This approach
helps mitigate the complexity of fmincon, the computational burden associated with
the covariance matrix in CMA-ES, and reduces the number of function evaluations in
AD-AMPEDE, thereby enhancing overall performance.

4 Experimental Results

In this section, we initially introduce the COCO platform, which serves as the evaluation
ground for our approach. Then, we outline our parameter settings to provide context
for our experiments. Finally, we present our results and engage in a detailed discussion,
comparing and analyzing our findings.

4.1 COCO platform

The efficiency of our algorithm is assessed within the COmparing Continuous Optimizers
(COCO) platform [Hansen et al. 2016]. The execution is realized on the BBOB test
suite, which includes twenty-four noiseless test functions [Talbi and Draa 2020]. Addi-
tionally, the COCO platform provides tools for processing, displaying and comparing
data produced by one or more optimizers. Its efficacy is evaluated based on the runtime
required to achieve particular targets. A target represents the algorithm’s best solution
that gets closer to the problem’s best-known solution with a precision equal to 10−8.
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4.2 Parameter setting

In the experiments, the following parameter values were empirically chosen after many
series of tests:

- Feasible solutions are within the range [-5,5] for each solution.
- The population size was equal to 150.
- The mean value of the crossover probability (µCRj)=0.5.
- The mean value of the scale parameter (µFj)=0.5.
- The generation gap (ng)=30.
- The ratio between indicator population and the total population (λ1 = λ2 =

λ3)=0.3.
In order to get a fair comparison, each algorithm runs over 15 instances across

different dimensions until a stop criterion is met: either attaining the maximum number
of function evaluations (105 ·D, D is the problem dimension) or getting a value less
than 10−8 close to the target value.

4.3 Results and Discussion

CADOS has been evaluated against a set of the finest state-of-the-art algorithms:
- The basic DE [Pošík and . 2012].
- The PSO [El-Abd et al. 2009].
- The hybrid DE-BFGS (Broyden-Fletcher-Goldfarb-Shanno) [Voglis et al. 2012].
- The CMA-ES [Hansen et al. 2019]
- The adaptive differential evolution with optional external archive (JADE) [Zhang

et al.2009].
- The AD-AMPEDE [Hezili and Talbi 2022]
- The GA [Nicolau 2009]
- The fmincon [Pál 2013]
The performance of the different algorithms has been tested for dimensions 10D

and 20D. Graphical results are provided with the Empirical Cumulative Distribution
Function (ECDF) of simulated runtimes in Figures 2 and 3. The ECDFs represent the
comparison of convergence rates and precision through the runtime distributions. The
numerical results are shown in Figure 4 as the average Runtime (aRT). The average
Runtime is calculated by dividing the total number of function evaluations by the number
of successes to get the best value recorded during the BBOB 2009 competition.

From Figure 2, it can be observed that CADOS demonstrates superior performance
when compared to all other algorithms across all 24 functions in 10D. It achieves the
target function value in approximately 89% of instances. It surpasses all other algorithms
in dealing with multimodal functions (f15-f19), where it obtained the desired function
value in roughly 78% of the cases.

CADOS achieved a success rate of 100% in solving the first three categories(f1-f14)
in 10D.

We notice from Figure 3 that our CADOS algorithm has reached the optimal function
value in about 76% of the 20D cases. In addition, CADOS has excellent performance
compared to CMAES in separable functions and low or moderate conditioning functions,
where it solved all the instances of these two categories (it reached a 100% success rate).
For 20D, CADOS has achieved a better convergence rate than DE-BFGS, DE, PSO,
AD-AMPEDE, fmincon, and GA in separable function, low or moderate conditioning
functions, unimodal for high conditioning functions, and weak global structure for
multimodal functions.



1706 Hezili B., Talbi H.: A Collaborative Auto-Diversified Optimization Scheme

The numerical results presented in Figure 4 confirm the good performance of our
CADOS algorithm in higher dimensions (20D). In separable functions (especially f3
and f4), CADOS outperformed AD-AMPEDE, CMAES, DE, PSO, fmincon, and GA.
Moreover, in the context of adequate global structure with multimodal, specifically in the
case of function f15, CADOS has achieved convergence to a solution with a precision of
100, surpassing all other state-of-the-art methods. Additionally, in weak global structure
for multimodal functions (namely f23) CADOS converges towards a solution with a
precision of 10−2, outperforming all other state-of-the-art methods. For the remaining
functions, numerical results showing the competitiveness of the proposed approach are
provided in the appendix.
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Figure 2: Convergence rate of CADOS compared with other state-of-the-art algorithms

in 10-D
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Figure 3: Convergence rate of CADOS compared with other state-of-the-art algorithms

in 20-D
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Figure 4: Numerical results in 20D

∆f denotes the difference to the optimal function value. #succ is the number of
trials that reached the final target fopt+ 10−8. Best results are in bold. The second row
(labelled with the function and the dimension) gives, for each target fopt+ 10n, n ∈
{1, 0,−1, ..,−7}, the best aRT obtained for the considered function/dimension by the
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one among all the solvers participating in the BBOB 2009 competition. The semi-
interdecile range (half the difference between the 10 and 90%-tile) of runtimes is given
in brackets as a dispersion measure.

5 Case Study

In this section, we present the water distribution networks (WDNs) optimal design
problem. In addition, we share our experimental results and compare how well our
method works compared to other known algorithms.

5.1 The optimal design of WDN

WDNs are a major component in the urban infrastructure system that requires significant
expenditure for construction. It is a hydraulic system composed of pipes, reservoirs,
tanks, pumps, valves, etc. An optimal design of the WDN is recommended for any
agency. However, it is a very complex task because of the discontinuous nature of pipe
diameters’ availability and the nonlinear correlation between head loss and flow. The
flow is mathematically determined as follows:∑

i∈in,n

Qi =
∑

j∈out,n

Qj +NDn ∀n ∈ NN (18)

Q denotes the flow within the pipes, NDn represents the demand at node n. in,n and
out,n represent the sets of pipes entering and exiting node n. NN is the node set.

The Hazen-Williams head loss for the pipe i with connected nodes j and k is calcu-
lated using the following equation:

Hj −Hk = αLiQi|Qi|0.852
C1.852

HW,iD
4.87
i

∀j ∈ NP (19)

whereNP is the number of pipes,Di represents the diameter of the pipe i, CHW,i is
the Hazen–Williams coefficient, Li denotes the length of pipe i, and α is the conversion
factor related to the units employed for computation (in this context, α =10.667).

In addition, the objective of optimal design for the WDN is to minimize the network
cost while meeting the necessary water requirements and head restrictions at each node.
Numerous optimization methods have been introduced to tackle this issue, including
deterministic optimization techniques and evolutionary algorithms. Due to the combina-
torial nature of the WDN design, deterministic optimization algorithms provide typically
local optimal solutions only, and deal hardly with large-size instances.

Metaheuristic algorithms (MAs) have become a good alternative for optimizing
the design of WDN [Zheng et al. 2011]. Furthermore, it has been observed that MAs
outperform deterministic approaches since they directly address the discrete search space,
increasing the likelihood that they will find the global optimal solution [Zheng et al.
2011]. Many EAs have been presented to optimize the design of WDN, for instance GA
[Simpson et al. 1994], Shuffled Frog Leaping Algorithms (SFLA) [Eusuff et al. 2003],
Simulated Annealing (SA) [Cunha et al. 2001], MultiObjective Simulated Annealing
with new Generation and Reannealing procedures (MOSA-GR) [Cunha and Marques
2020], Non-dominated Sorting Genetic Algorithm II (NSGA-II) [Wang et al. 2019],
and DE [Suribabu 2010]. In this field, we aim to employ our approach linked with the
EPANET-Matlab Toolkit [Sabzkouhi et al. 2022] to test its efficiency in dealing with the
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optimal design for the WDN as a real-world optimization problem. EPANET is utilised
to examine the network and evaluate the pressure at each node that must satisfy specific
nodal pressure requirements.

Pipe diameter values are considered candidate solutions during the evolution process
of CADOS. However, due to its discrete nature and the continuous search space of
our algorithm, we have to design a discretization method. We have chosen to keep
manipulating real values in all steps until the selection one. The individuals pipe diameters
real values are converted to discrete commercial sizes.

The commercial size could be deterministically obtained through rounding, but in our
approach, we utilized a probabilistic technique to enhance diversity in our research while
converting, i.e. the same real value vector could generate different pipe sizes at different
iterations. To do so, a normalized Euclidean distance is firstly calculated between the
continuous pipe value x and the closest lower commercial pipe size xl using the closest
upper commercial pipe size xu. The probability to select one pipe size among the two is
proportional to the calculated distance.

In practice, the normalized distance is dl = (x − xl)/(xu − xl). We generate a
random value r ∈ [0, 1]. If r < dl then we convert the continuous pipe diameter into xl.
Otherwise, we convert it to xu.

The optimal design for the WDN is a constrained optimization problem. Therefore,
we should combine CADOS with a constraint-handling method. Constraint tournament
selection is utilized in our approach to tackle pressure constraints. As in [Deb et al. 2000],
we devise the fitness function based on feasible and infeasible rules as follows:

F (~x) =

{
f(~x) if g(~x) ≥ 0

p+ ‖g(~x)‖ Otherwise

}
(20)

Where p is a penalty term set empirically to 107

In a feasible solution (for which the constraint vector g(~x) ≥ 0), the fitness function is
equal to its objective function value f(~x) (cost of the network). Furthermore, computing
the objective function value for an infeasible solution is useless; thus, its fitness value is
calculated using the constraint violation vector (g(~x)) and the penalty term p to ensure
that an infeasible solution will never be better than a feasible one in the current population.

5.2 Experimental Results

CADOS is utilized on a widely recognized network: the Hanoi network, presented in
Figure 5. the Hanoi network is a three-loop network composed of 34 links, 32 nodes,
and a reservoir. Six different pipe diameters 12, 16, 20, 24, 30, 40 inches are defined
to design this network. The minimum pressure head requirement is set at 30 m for all
nodes. The entire search space comprises a total of 634 possible combinations. More
details on this network are found in Fujiwara and Khang (1990) [Fujiwara et al. 1990].
The dither mutation and dither crossover factors presented by Karaboga and Okdem
[Pan et al. 2011] were used in our work. These factors improve the effectiveness and
robustness of optimization algorithms in tackling complex and multifaceted problems
[Karaboğa and Ökdem 2004]. In addition, they were randomized as follows:

Fdither = FL + UF
i (Fh − FL) (21)

Crdither = CrL + UCr
i (Crh − CrL) (22)
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In our experiments, Fh and FL are set to 0.5 and 1, respectively. Crh and CrL are
set to 0.8 and 1, respectively. Fifty (50) runs have been performed using a population of
60 individuals.

Figure 5: The layout of the Hanoi problem network

To evaluate the performance of CADOS, we conducted a comprehensive comparative
study against several state-of-the-art algorithms, employing a diverse set of statistical
metrics. Table 1 presents the performance comparison of CADOS with HD-DDS [Tolson
et al. 2020], GA, PSO, DE-Best, and DE-rand.

We adopted statistical measures consistent with those delineated in [Zheng et al.
2011]. The ”Number of different runs” denotes the count of independent evaluations
executed for each algorithm, serving as an indicator of its performance stability. The
”Best solution ($M)” column signifies the best solution (in terms of cost, measured in
$M) achieved by each algorithm across all runs. Noting that the current best-known
solution for the Hanoi problem is characterized by a cost of $6.081 million [Reca and
Martínez 2006].

The ”Times with the best solution found” (percent of trials) illustrates the frequency
and the proportion of instances each algorithm achieved its optimal solution, with higher
percentages denoting more reliable performance. The ”Average cost ($M)” provides the
mean cost across all trials for each algorithm, where diminished values typically signify
superior performance. The ”Maximum allowable evaluations” denotes the ceiling on
the number of evaluations permitted for each algorithm. Additionally, we present the
”Average evaluations required to find the best solutions,” reflecting the mean evaluations
necessary for each algorithm to converge to its optimal solution. Smaller values in this
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metric imply faster convergence rates.
From the data illustrated in Table 1, CADOS found the best-known solution solution

17 times out of 50 runs, representing a 34% success rate. This is better than DE-Best (4%
success), GA (O% success), PSO (0% success), and HD-DDS (8% success). CADOS
has an average cost of $6.170 million, which is better than HD-DDS, DE-Best, PSO, GA,
and relatively close to the average cost achieved by DE-rand ($6.088 million). CADOS is
limited to 90,000 evaluations, which is less than DE-Best and DE-rand that can go up to
300,000 evaluations. In addition, CADOS took an average of 39,674 evaluations to find
its best solution. This is lower than DE-rand (74,584 evaluations), HD-DDS (100.000
evaluations). However, the average evaluations to find the best solution for GA and PSO
is not available.

Overall, CADOS shows competitive performance compared to the other algorithms.
It offers a balanced approach, achieving good results with fewer maximum allowable
evaluations compared to the other algorithms.

Table 1: Comparison of CADOS with other state-of-the-art algorithms

Algorithms

Number
of
different
runs

Best
Solution
($M)

Times
with
best
solution
found
(percent
of trials)

Average
cost
($M)

Maximum
allowable
evaluations

Average
evaluations
required
to find
the best
solutions

CADOS 50 6.081 17 (34%) 6.170 90,000 39,674
DE-Best 50 6.081 2 (4%) 6.240 300,000 6,660
DE-rand 50 6.081 43 (86%) 6.088 300,000 74,584
HD-DDS 50 6.081 4 (8%) 6.252 100,000 100,000
GA 30 6.167 0 (0%) 6.277 300,000 NA
PSO 30 6.373 0 (0%) 6.483 300,000 NA

6 Conclusion

In this paper, we have presented a collaborative auto-diversified optimization scheme.
It is based on a modified version of our previously proposed approach AD-AMPEDE,
CMAES, and a LS method using trust regions.

CADOS retains the advantages of these three algorithms. Firstly, effective interaction
between sub-populations and parameter value adaptation using AD-AMPEDE. Secondly,
efficient exploitation of the local area of the best-performing individual using a trust-
region algorithm that could allow the search to find a better local optimum in case of
stagnation. Finally, a good diversification using either the ability of CMAES to produce
highly qualified solutions around each subpopulation’s best individual or the AEPD
diversification process employed in AD-AMPEDE that could generate new promising
solutions. The new solutions replace randomly selected individuals.

This collaborative effort facilitated an enhanced algorithmic solution for a broader
range of BBOB instances. By capitalizing on the strengths of each algorithm and strate-
gically integrating their capabilities, our approach achieved remarkable results. CADOS
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was first evaluated on the COCO platform. The experimental outcomes underscore the
competitive and superior performance of CADOS, particularly in higher dimensions
(10D and 20D), where in 10D, the obtained results showed its superiority over state-
of-the-art algorithms, especially in Adequate Global Structure for higher dimension
multimodal functions. Furthermore, meticulous analysis of parameter adaptation signifi-
cantly contributed to the optimization of results. In 20D, our proposed approach showed
an excellent rate compared to AD-AMPEDE, CMA-ES, DE-BFGS, DE, fmincon, GA,
and PSO.

In addition, CADOS was compared to other state-of-the-art algorithms in solving the
optimal design of WDS. Based on the experimental results, CADOS has demonstrated
the ability to achieve the current best-known solution within a reasonable timeframe.
These findings suggest that our approach holds promise as a viable alternative for solving
combinatorial optimization problems.

However, despite the excellent performance of CADOS, there is still a need to mini-
mize any side effects on its performance, particularly concerning choosing appropriately
the moments when to check stagnation, for efficiently handling a broad range of BBOB
functions within a reasonable timeframe.

In our future work, we plan to propose a collaborative scheme involving deep learning
models to improve the adaptability of CADOS through better decision-making based
on previous knowledge. That would allow CADOS to deal efficiently with complex
situations.
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Figure 6: Numerical results in 20D


	Introduction
	Background
	Fundamental Algorithms
	DE
	CMA-ES
	Local Search Algorithms

	Related Work

	Proposed Approach
	Auto-Diversified Ameliorated Multi-Population-based Ensemble Differential Evolution
	 Collaborative Auto-Diversified Optimization Scheme (CADOS)
	Algorithm's Complexity

	Experimental Results
	COCO platform
	Parameter setting 
	Results and Discussion

	Case Study
	The optimal design of WDN
	Experimental Results

	Conclusion

