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Abstract: The Coronavirus Disease 2019 (COVID-19) is widespread throughout the world and
poses a serious threat to public health and safety. A COVID-19 infection can be recognized using
computed tomography (CT) scans. To enhance the categorization, some image segmentation
techniques are presented to extract regions of interest from COVID-19 CT images. Multi-level
thresholding (MLT) is one of the simplest and most effective image segmentation approaches,
especially for grayscale images like CT scan images. Traditional image segmentation methods
use histogram approaches; however, these approaches encounter some limitations. Now, swarm
intelligence inspired meta-heuristic algorithms have been applied to resolve MLT, deemed an NP-
hard optimization task. Despite the advantages of using meta-heuristics to solve global optimization
tasks, each approach has its own drawbacks. However, the common flaw for most meta-heuristic
algorithms is that they are unable to maintain the diversity of their population during the search,
which means they might not always converge to the global optimum. This study proposes a
cooperative swarm intelligence-based MLT image segmentation approach that hybridizes the
advantages of parallel meta-heuristics and MLT for developing an efficient image segmentation
method for COVID-19 CT images. An efficient cooperative model-based meta-heuristic called
the CPGH is developed based on three practical algorithms: particle swarm optimization (PSO),
grey wolf optimizer (GWO), and Harris hawks optimization (HHO). In the cooperative model,
the applied algorithms are executed concurrently, and a number of potential solutions are moved
across their populations through a procedure called migration after a set number of generations.
The CPGH model can solve the image segmentation problem using MLT image segmentation. The
proposed CPGH is evaluated using three objective functions, cross-entropy, Otsu’s, and Tsallis,
over the COVID-19 CT images selected from open-sourced datasets. Various evaluation metrics
covering peak signal-to-noise ratio (PSNR), structural similarity index (SSIM), and universal
quality image index (UQI) were employed to quantify the segmentation quality. The overall ranking
results of the segmentation quality metrics indicate that the performance of the proposed CPGH is
better than conventional PSO, GWO, and HHO algorithms and other state-of-the-art methods for
MLT image segmentation. On the tested COVID-19 CT images, the CPGH offered an average
PSNR of 24.8062, SSIM of 0.8818, and UQI of 0.9097 using 20 thresholds.
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�0�R�U�H�R�Y�H�U�� �+�R�X�V�V�H�L�Q �D�Q�G �(�P�D�P �H�W �D�O�� �>�+�R�X�V�V�H�L�Q �H�W �D�O���� ���������F�@ �X�V�H�G �W�K�H �/�H�Y�\ �I�O�L�J�K�W
�P�H�F�K�D�Q�L�V�P �D�Q�G �W�K�H �2�%�/ �V�W�U�D�W�H�J�\ �W�R �H�Q�K�D�Q�F�H �W�K�H �S�H�U�I�R�U�P�D�Q�F�H �R�I �W�K�H �F�K�L�P�S �R�S�W�L�P�L�]�D�W�L�R�Q
�D�O�J�R�U�L�W�K�P ���&�K�2�$���� �W�K�H �P�R�G�L�I�L�H�G �Y�H�U�V�L�R�Q �F�D�O�O�H�G �,�&�K�2�$�� �7�K�H �,�&�K�2�$ �D�O�J�R�U�L�W�K�P �K�D�V �E�H�H�Q
�X�V�H�G �W�R �V�R�O�Y�H �L�P�D�J�H �V�H�J�P�H�Q�W�D�W�L�R�Q �S�U�R�E�O�H�P�V �D�Q�G �S�H�U�I�R�U�P�V �E�H�W�W�H�U �W�K�D�Q �&�K�2�$ �D�Q�G �R�W�K�H�U
�D�O�J�R�U�L�W�K�P�V��

�(�P�D�P �H�W �D�O�� �>�(�P�D�P �H�W �D�O���� ���������@ �S�U�R�S�R�V�H�G �D �P�R�G�L�I�L�H�G �U�H�S�W�L�O�H �V�H�D�U�F�K �D�O�J�R�U�L�W�K�P
���P�5�6�$�� �I�R�U �J�O�R�E�D�O �R�S�W�L�P�L�]�D�W�L�R�Q �D�Q�G �L�P�D�J�H �V�H�J�P�H�Q�W�D�W�L�R�Q �S�U�R�E�O�H�P�V�� �7�K�H �P�5�6�$ �D�O�J�R�U�L�W�K�P
�L�Q�F�R�U�S�R�U�D�W�H�V �W�K�H �5�6�$ �D�O�J�R�U�L�W�K�P �Z�L�W�K �W�K�H ���5�8�1�J�H �.�X�W�W�D �R�S�W�L�P�L�]�H�U�� �5�8�1 �D�O�J�R�U�L�W�K�P��
�P�5�6�$ �Z�D�V �D�S�S�O�L�H�G �D�V �P�X�O�W�L�O�H�Y�H�O �L�P�D�J�H �V�H�J�P�H�Q�W�D�W�L�R�Q �I�R�U �0�5�, �E�U�D�L�Q �L�P�D�J�H�V �E�D�V�H�G �R�Q
�2�W�V�X�¶�V �P�H�W�K�R�G �D�V �D�Q �D�F�W�L�Y�D�W�L�R�Q �I�X�Q�F�W�L�R�Q�� �7�K�H �H�[�S�H�U�L�P�H�Q�W�D�O �U�H�V�X�O�W�V �K�D�Y�H �U�H�Y�H�D�O�H�G �W�K�H
�V�X�S�H�U�L�R�U�L�W�\ �R�I �W�K�H �S�U�R�S�R�V�H�G �P�5�6�$��

�5�H�F�H�Q�W�O�\�� �W�R �V�R�O�Y�H �W�K�H �L�P�D�J�H �V�H�J�P�H�Q�W�D�W�L�R�Q �S�U�R�E�O�H�P�� �>�%�D�E�\ �5�H�V�P�D �D�Q�G �1�D�L�U�� ���������@
�S�U�R�S�R�V�H�G �D �Q�R�Y�H�O �0�/�7 �D�S�S�U�R�D�F�K �X�V�L�Q�J �W�K�H �.�U�L�O�O �K�H�U�G ���.�+�� �P�H�W�D���K�H�X�U�L�V�W�L�F �D�O�J�R�U�L�W�K�P�� �7�K�H
�L�G�H�D�O �W�K�U�H�V�K�R�O�G �Y�D�O�X�H�V �F�D�Q �E�H �U�H�D�F�K�H�G �E�\ �D�S�S�O�\�L�Q�J �W�K�H �.�+ �W�H�F�K�Q�L�T�X�H �W�R �P�D�[�L�P�L�]�H �.�D�S�X�U�¶�V
�R�U �2�W�V�X�¶�V �R�E�M�H�F�W�L�Y�H �I�X�Q�F�W�L�R�Q�� �6�H�Y�H�U�D�O �E�H�Q�F�K�P�D�U�N �L�P�D�J�H�V �Z�H�U�H �X�W�L�O�L�]�H�G �W�R �S�U�R�Y�H �W�K�H
�D�S�S�O�L�F�D�E�L�O�L�W�\ �D�Q�G �F�R�P�S�X�W�D�W�L�R�Q�D�O �H�I�I�L�F�L�H�Q�F�\ �R�I �W�K�H �.�+���E�D�V�H�G �0�/�7 �D�S�S�U�R�D�F�K�� �,�Q �D�G�G�L�W�L�R�Q��
�G�H�W�D�L�O�H�G �F�R�P�S�D�U�L�V�R�Q�V �Z�L�W�K �R�W�K�H�U �H�[�L�V�W�L�Q�J �E�L�R���L�Q�V�S�L�U�H�G �W�H�F�K�Q�L�T�X�H�V�� �L�Q�F�O�X�G�L�Q�J �*�$�� �3�6�2��
�0�)�2�� �D�Q�G �%�D�F�W�H�U�L�D�O �)�R�U�D�J�L�Q�J ���%�)���� �Z�H�U�H �G�R�Q�H �W�R �G�H�P�R�Q�V�W�U�D�W�H �W�K�H �V�X�S�H�U�L�R�U �S�H�U�I�R�U�P�D�Q�F�H �R�I
�W�K�H �S�U�R�S�R�V�H�G �D�S�S�U�R�D�F�K�� �7�K�H �F�R�P�S�D�U�D�W�L�Y�H �D�Q�D�O�\�V�L�V �U�H�Y�H�D�O�H�G �W�K�D�W �.�+���E�D�V�H�G �0�/�7 �G�H�F�U�H�D�V�H�V
�W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �W�L�P�H �Q�H�H�G�H�G �I�R�U �F�R�P�S�X�W�L�Q�J �W�K�H �R�S�W�L�P�D�O �W�K�U�H�V�K�R�O�G�V��

�+�R�X�V�V�H�L�Q �H�W �D�O���>�+�R�X�V�V�H�L�Q �H�W �D�O���� ���������D�@ �S�U�R�S�R�V�H�G �D �Q�R�Y�H�O �L�P�D�J�H �V�H�J�P�H�Q�W�D�W�L�R�Q �P�H�W�K�R�G
�E�D�V�H�G �R�Q �2�W�V�X�¶�V �I�L�W�Q�H�V�V �I�X�Q�F�W�L�R�Q�� �Z�K�L�F�K �X�V�H�G �D�Q �L�P�S�U�R�Y�H�G �J�R�O�G�H�Q �M�D�F�N�D�O �R�S�W�L�P�L�]�D�W�L�R�Q
�D�O�J�R�U�L�W�K�P �W�R �V�H�O�H�F�W �W�K�H �E�H�V�W �W�K�U�H�V�K�R�O�G �Y�D�O�X�H�V �I�R�U �V�N�L�Q �F�D�Q�F�H�U �L�P�D�J�L�Q�J��

�&�K�H�Q �H�W �D�O�� �>�&�K�H�Q �H�W �D�O���� ���������@ �S�U�R�S�R�V�H�G �D�Q �H�Q�V�H�P�E�O�H �P�X�O�W�L���V�W�U�D�W�H�J�\���G�U�L�Y�H�Q �V�K�X�I�I�O�H�G
�I�U�R�J �O�H�D�S�L�Q�J �D�O�J�R�U�L�W�K�P �Z�L�W�K �K�R�U�L�]�R�Q�W�D�O �D�Q�G �Y�H�U�W�L�F�D�O �F�U�R�V�V�R�Y�H�U �V�H�D�U�F�K �I�R�U �P�X�O�W�L���W�K�U�H�V�K�R�O�G
�L�P�D�J�H �V�H�J�P�H�Q�W�D�W�L�R�Q��

�+�H�O�R�Q�J �H�W �D�O�� �>�<�X �H�W �D�O���� ���������@ �S�U�H�V�H�Q�W�H�G �D�Q �H�Q�K�D�Q�F�H�G �P�X�O�W�L���V�W�D�J�H �J�U�H�\ �Z�R�O�I �R�S�W�L�P�L�]�H�U
�I�R�U �P�X�O�W�L���W�K�U�H�V�K�R�O�G �V�H�J�P�H�Q�W�D�W�L�R�Q �R�I �/�H�D�I �6�S�R�W �'�L�V�H�D�V�H�V �R�Q �0�D�L�]�H��



������ �7�K�D�K�H�U �7���� �6�D�E�K�D �0���� �(�P�D�P �0���0���� �&�R�R�S�H�U�D�W�L�Y�H �6�Z�D�U�P �,�Q�W�H�O�O�L�J�H�Q�F�H ������

������ �0�H�W�D���K�H�X�U�L�V�W�L�F �E�D�V�H�G �P�X�O�W�L���O�H�Y�H�O �W�K�U�H�V�K�R�O�G�L�Q�J �I�R�U �&�R�Y�L�G������ �L�P�D�J�H�V �V�H�J�P�H�Q�W�D��
�W�L�R�Q

�5�H�F�H�Q�W�O�\�� �P�D�Q�\ �P�H�W�D���K�H�X�U�L�V�W�L�F���E�D�V�H�G �0�/�7 �D�S�S�U�R�D�F�K�H�V �K�D�Y�H �E�H�H�Q �D�S�S�O�L�H�G �W�R �V�H�J�P�H�Q�W
�&�7 �V�F�D�Q�V �W�R �G�L�V�F�R�Y�H�U �&�2�9�,�'������ �L�Q�I�H�F�W�L�R�Q�V�� �)�R�U �L�Q�V�W�D�Q�F�H�� �>�$�E�X�D�O�L�J�D�K �H�W �D�O���� ���������E�@
�S�U�R�S�R�V�H�G �D�Q �0�/�7 �W�H�F�K�Q�L�T�X�H �X�V�L�Q�J �D�Q �H�Y�R�O�X�W�L�R�Q�D�U�\ �$�2�$ �D�O�J�R�U�L�W�K�P�� �7�K�H �'�( �D�O�J�R�U�L�W�K�P
�Z�D�V �H�P�S�O�R�\�H�G �W�R �H�Q�K�D�Q�F�H �W�K�H �O�R�F�D�O �V�H�D�U�F�K �R�I �W�K�H �$�2�$ �D�O�J�R�U�L�W�K�P�� �8�V�L�Q�J �E�H�W�Z�H�H�Q �F�O�D�V�V
�Y�D�U�L�D�Q�F�H ���.�D�S�X�U�¶�V�� �P�H�D�V�X�U�H �I�X�Q�F�W�L�R�Q�V�� �W�K�H �S�H�U�I�R�U�P�D�Q�F�H �R�I �W�K�H �S�U�R�S�R�V�H�G �D�O�J�R�U�L�W�K�P �Z�D�V
�H�[�D�P�L�Q�H�G �R�Q �Q�D�W�X�U�H �D�Q�G �&�7 �V�F�D�Q �&�2�9�,�'������ �L�P�D�J�H�V�� �7�K�H �D�F�F�X�U�D�F�\ �R�I �V�H�J�P�H�Q�W�H�G �L�P�D�J�H�V
�Z�D�V �G�H�W�H�U�P�L�Q�H�G �E�D�V�H�G �R�Q �W�Z�R �V�W�D�Q�G�D�U�G �P�H�D�V�X�U�H�V �F�R�P�S�U�L�V�L�Q�J �6�6�,�0 �D�Q�G �3�6�1�5�� �7�K�H �S�U�R��
�S�R�V�H�G �'�$�2�$ �D�O�J�R�U�L�W�K�P �U�H�F�R�U�G�H�G �K�L�J�K�H�U �T�X�D�O�L�W�\ �V�R�O�X�W�L�R�Q�V �F�R�P�S�D�U�H�G �W�R �R�W�K�H�U �F�R�P�S�D�U�D�W�L�Y�H
�D�O�J�R�U�L�W�K�P�V��

�7�R �H�Q�K�D�Q�F�H �W�K�H �G�L�D�J�Q�R�V�W�L�F �O�H�Y�H�O �R�I �&�2�9�,�'�������� �>�/�L�X �H�W �D�O���� ���������@ �S�U�R�S�R�V�H�G �D �Q�H�Z
�W�H�F�K�Q�L�T�X�H �F�D�O�O�H�G �&�/�$�&�2���0�,�6 �E�D�V�H�G �R�Q �D�Q�W �F�R�O�R�Q�\ �R�S�W�L�P�L�]�D�W�L�R�Q ���$�&�2�� �D�O�J�R�U�L�W�K�P �L�Q �F�R�Q��
�M�X�Q�F�W�L�R�Q �Z�L�W�K �H�D�F�K �R�I �W�K�H �&�D�X�F�K�\ �P�X�W�D�W�L�R�Q �D�Q�G �W�K�H �J�U�H�H�G�\ �/�H�Y�\ �P�X�W�D�W�L�R�Q �I�R�U �P�X�O�W�L�O�H�Y�H�O
�&�2�9�,�'������ �;���U�D�\ �L�P�D�J�H �V�H�J�P�H�Q�W�D�W�L�R�Q�� �,�Q �D�G�G�L�W�L�R�Q�� ���' �.�D�S�X�U�¶�V �H�Q�W�U�R�S�\ �Z�D�V �H�P�S�O�R�\�H�G
�D�V �D�Q �H�Y�D�O�X�D�W�L�R�Q �I�X�Q�F�W�L�R�Q�� �&�/�$�&�2 �D�O�J�R�U�L�W�K�P �Z�D�V �F�R�P�S�D�U�H�G �Z�L�W�K �V�R�P�H �R�W�K�H�U �Y�D�U�L�D�Q�W�V
�D�V �Z�H�O�O �D�V �R�W�K�H�U �H�I�I�L�F�L�H�Q�W �D�O�J�R�U�L�W�K�P�V �R�Q ���� �E�H�Q�F�K�P�D�U�N �I�X�Q�F�W�L�R�Q�V �J�D�W�K�H�U�H�G �I�U�R�P �,�(�(�(
�&�(�&�������� �W�R �S�U�R�Y�H �L�W�V �V�X�S�H�U�L�R�U�L�W�\ �L�Q �W�H�U�P�V �R�I �F�R�Q�Y�H�U�J�H�Q�F�H �V�S�H�H�G�� �V�H�D�U�F�K �S�R�Z�H�U�� �D�Q�G
�W�K�H �D�E�L�O�L�W�\ �W�R �D�Y�R�L�G �W�K�H �O�R�F�D�O �R�S�W�L�P�X�P�� �0�R�U�H�R�Y�H�U�� �W�K�H �H�[�S�H�U�L�P�H�Q�W�D�O �U�H�V�X�O�W�V �V�K�R�Z �W�K�D�W
�&�/�$�&�2���0�,�6 �\�L�H�O�G�H�G �E�H�W�W�H�U �V�H�J�P�H�Q�W�D�W�L�R�Q �L�Q�I�O�X�H�Q�F�H �D�W �Y�D�U�L�R�X�V �W�K�U�H�V�K�R�O�G �O�H�Y�H�O�V �W�K�D�Q �L�W�V
�S�H�H�U�V �L�Q �D�F�K�L�H�Y�L�Q�J �V�H�J�P�H�Q�W�D�W�L�R�Q �R�I �&�2�9�,�'������ �&�7 �V�F�D�Q �L�P�D�J�H�V��

�$�V �S�U�H�V�H�Q�W�H�G �L�Q �>�1�D�P�D�� ���������@�� �6�X�N�D�Q�W�D �1�D�P�D �G�H�Y�H�O�R�S�H�G �D�Q �L�P�S�U�R�Y�H�G �Y�H�U�V�L�R�Q �R�I �W�K�H
�V�O�L�P�H �P�R�O�G �D�O�J�R�U�L�W�K�P ���6�0�$�� �Z�L�W�K �W�K�H �T�X�D�V�L���U�H�I�O�H�F�W�L�R�Q �R�S�H�U�D�W�R�U ���4�5�6�0�$�� �I�R�U �&�R�Y�L�G������
�F�K�H�V�W �;���U�D�\ �L�P�D�J�H �V�H�J�P�H�Q�W�D�W�L�R�Q�� �4�X�D�V�L���U�H�I�O�H�F�W�L�R�Q���E�D�V�H�G �M�X�P�S�L�Q�J �Z�D�V �D�S�S�O�L�H�G �W�R �L�P�S�U�R�Y�H
�W�K�H �F�R�Q�Y�H�U�J�H�Q�F�H�� �D�Y�R�L�G �O�R�F�D�O �R�S�W�L�P�X�P�� �D�Q�G �F�R�Q�W�U�R�O �W�K�H �E�D�O�D�Q�F�H �E�H�W�Z�H�H�Q �H�[�S�O�R�L�W�D�W�L�R�Q
�D�Q�G �H�[�S�O�R�U�D�W�L�R�Q�� �7�K�H �H�[�S�H�U�L�P�H�Q�W�D�O �I�L�Q�G�L�Q�J�V �V�K�R�Z �W�K�D�W �W�K�H �S�U�R�S�R�V�H�G �4�5�6�0�$ �K�D�V �K�L�J�K�H�U
�U�R�E�X�V�W �V�H�D�U�F�K�D�E�L�O�L�W�\ �W�K�D�Q �W�K�H �R�U�L�J�L�Q�D�O �6�0�$ �D�Q�G �G�L�I�I�H�U�H�Q�W �V�H�D�U�F�K �D�S�S�U�R�D�F�K�H�V �U�H�J�D�U�G�L�Q�J
�Y�D�U�L�R�X�V �P�H�D�V�X�U�H�V �V�X�F�K �D�V �F�R�Q�Y�H�U�J�H�Q�F�H �D�Q�G �G�L�Y�H�U�V�L�W�\�� �7�K�H �D�X�W�K�R�U �F�R�Q�F�O�X�G�H�G �W�K�D�W �4�5�6�0�$
�F�R�X�O�G �E�H �X�V�H�G �D�V �D�Q �H�I�I�H�F�W�L�Y�H �0�/�7 �D�S�S�U�R�D�F�K �I�R�U �L�P�D�J�H �V�H�J�P�H�Q�W�D�W�L�R�Q �V�X�S�H�U�L�R�U �W�R �R�W�K�H�U
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C0 = f I (x; y) 2 X j 0 � I (x; y) � k � 1g
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������

�Z�K�H�U�HCi �L�V �W�K�Hi th �F�O�D�V�V �R�I �W�K�H �L�P�D�J�HI ��ki �G�H�Q�R�W�H�V �W�K�H �W�K�U�H�V�K�R�O�G �Y�D�O�X�H �I�R�Uk 2 ���� ���� ����
�������� �P��m �L�V �W�K�H �W�R�W�D�O �Q�X�P�E�H�U �R�I �G�L�V�W�L�Q�F�W �W�K�U�H�V�K�R�O�G �Y�D�O�X�H�V�� �D�Q�GN �W�K�H �P�D�[�L�P�X�P �L�Q�W�H�Q�V�L�W�\
�Y�D�O�X�H��

�&�R�Q�V�H�T�X�H�Q�W�O�\�� �W�K�H �S�U�L�P�D�U�\ �R�E�M�H�F�W�L�Y�H �R�I �0�/�7 �L�V �W�R �L�G�H�Q�W�L�I�\ �W�K�H �W�K�U�H�V�K�R�O�G �Y�D�O�X�H�V �W�K�D�W
�G�L�Y�L�G�H �W�K�H �S�L�[�H�O�V �L�Q �D�Q �L�P�D�J�H �L�Q�W�R �J�U�R�X�S�V �R�U �V�H�J�P�H�Q�W�V�� �6�H�Y�H�U�D�O �V�H�J�P�H�Q�W�D�W�L�R�Q���E�D�V�H�G �W�K�U�H�V�K��
�R�O�G�L�Q�J �W�H�F�K�Q�L�T�X�H�V �K�D�Y�H �E�H�H�Q �Z�L�G�H�O�\ �X�V�H�G �L�Q �Q�X�P�H�U�R�X�V �P�X�O�W�L�O�H�Y�H�O �W�K�U�H�V�K�R�O�G �V�H�J�P�H�Q�W�D�W�L�R�Q
�D�S�S�O�L�F�D�W�L�R�Q�V�� �(�[�D�P�S�O�H�V �R�I �W�K�H�V�H �P�H�W�K�R�G�V �D�U�H �2�W�V�X�¶�V �P�H�W�K�R�G�� �F�U�R�V�V���H�Q�W�U�R�S�\ �W�K�U�H�V�K�R�O�G�L�Q�J��
�D�Q�G �7�V�D�O�O�L�V �H�Q�W�U�R�S�\ �>�6�X�U�H�V�K �D�Q�G �/�D�O�� ���������� �%�D�Q�G�\�R�S�D�G�K�\�D�\ �H�W �D�O���� ���������@��

���������� �2�W�V�X�¶�V �P�H�W�K�R�G

�7�K�L�V �V�X�E�V�H�F�W�L�R�Q �G�H�V�F�U�L�E�H�V �W�K�H �P�D�W�K�H�P�D�W�L�F�D�O �P�R�G�H�O �R�I �W�K�H �2�W�V�X �P�H�W�K�R�G �>�2�W�V�X�� ���������E�@��
�Z�K�L�F�K �L�V �D �W�K�U�H�V�K�R�O�G�L�Q�J �P�H�W�K�R�G �E�D�V�H�G �R�Q �W�K�H �P�D�[�L�P�X�P �Y�D�U�L�D�Q�F�H �E�H�W�Z�H�H�Q �F�O�D�V�V�H�V�� �7�K�H
�V�H�J�P�H�Q�W�D�W�L�R�Q �S�U�R�F�H�V�V �G�H�S�H�Q�G�V �R�Q �W�K�H �L�P�D�J�H �K�L�V�W�R�J�U�D�P �>�*�O�D�V�E�H�\�� ���������@�� �7�K�H �K�L�V�W�R�J�U�D�P
�L�V �S�D�V�V�H�G �W�R �R�W�V�X�¶�V �P�H�W�K�R�G�� �V�H�O�H�F�W�L�Q�J �W�K�H �E�H�V�W �W�K�U�H�V�K�R�O�G�L�Q�J �Y�D�O�X�H�V �W�R �G�L�Y�L�G�H �W�K�H �L�P�D�J�H
�L�Q�W�R �Y�D�U�L�R�X�V �F�O�D�V�V�H�V�� �7�K�L�V �W�H�F�K�Q�L�T�X�H �D�V�V�X�P�H�V �W�K�HL v �L�Q�W�H�Q�V�L�W�\ �O�H�Y�H�O�V �R�I �W�K�H �L�P�D�J�H�� �D�Q�G �W�K�H
�S�U�R�E�D�E�L�O�L�W�\ �L�V �R�E�W�D�L�Q�H�G �E�\ �(�T�� ���� �,�W �F�D�Q �E�H �X�V�H�G �I�R�U �5�*�% �L�P�D�J�H�V �Z�K�H�U�H �2�W�V�X �L�V �D�S�S�O�L�H�G �W�R
�H�D�F�K �O�D�\�H�U �L�Q�G�L�Y�L�G�X�D�O�O�\��

hi =
hi

Np
;

N pX

i =1

Phi = 1 ������

�Z�K�H�U�Hi �L�Q�G�L�F�D�W�H�V �L�Q�W�H�Q�V�L�W�\ �O�H�Y�H�O �L�Q(0 � i � L v � 1) �D�Q�GNp �G�H�Q�R�W�H�V �W�K�H �W�R�W�D�O
�Q�X�P�E�H�U �R�I �S�L�[�H�O�V��hi �L�V �W�K�H �Q�X�P�E�H�U �R�I �L�Q�W�H�Q�V�L�W�\ �I�U�H�T�X�H�Q�F�L�H�Vi �L�Q �W�K�H �L�P�D�J�H �G�H�Q�R�W�H�G �E�\ �W�K�H
�K�L�V�W�R�J�U�D�P�� �,�Q �D �S�U�R�E�D�E�L�O�L�W�\ �G�L�V�W�U�L�E�X�W�L�R�QPhi �� �W�K�H �K�L�V�W�R�J�U�D�P �L�V �Q�R�U�P�D�O�L�]�H�G�� �7�K�H �F�O�D�V�V�H�V
�I�R�U �E�L�O�H�Y�H�O �V�H�J�P�H�Q�W�D�W�L�R�Q �D�U�H �F�R�P�S�X�W�H�G �E�D�V�H�G �R�Q �W�K�H �S�U�R�E�D�E�L�O�L�W�\ �G�L�V�W�U�L�E�X�W�L�R�Q �D�V �I�R�O�O�R�Z�V��

C1 =
Ph1

! 0(th)
; :::;

Phth

! 0(th)
�D�Q�GC2 =

Phc
th +1

! 1(th)
; :::;

PhL v

! 1(th)
������

�Z�K�H�U�H! 0(th) �D�Q�G! 1(th) �D�U�H �S�U�R�E�D�E�L�O�L�W�L�H�V �G�L�V�W�U�L�E�X�W�L�R�Q�V �I�R�UC1 �D�Q�GC2 �W�K�D�W �L�V �G�H�I�L�Q�H�G
�E�\ �(�T�� ����

! 0(th) =
thX

i =1

Phi �D�Q�G! 1(th) =
L vX

th +1

Phi ������

�,�W �L�V �H�V�V�H�Q�W�L�D�O �W�R �F�D�O�F�X�O�D�W�H �W�K�H �P�H�D�Q �O�H�Y�H�O�V� 0 �D�Q�G� 1 �W�K�D�W �G�H�V�F�U�L�E�H �W�K�H �F�O�D�V�V�H�V �E�\ �(�T������
�$�I�W�H�U �W�K�R�V�H �R�S�H�U�D�W�R�U�V �K�D�Y�H �E�H�H�Q �G�H�W�H�U�P�L�Q�H�G�� �W�K�H �2�W�V�X �E�H�W�Z�H�H�Q���F�O�D�V�V� 2

B �L�V �F�R�P�S�X�W�H�G �E�\



������ �7�K�D�K�H�U �7���� �6�D�E�K�D �0���� �(�P�D�P �0���0���� �&�R�R�S�H�U�D�W�L�Y�H �6�Z�D�U�P �,�Q�W�H�O�O�L�J�H�Q�F�H ������

�(�T�� ����

� 0 =
thX

i =1

iPh i

! 0(th)
�D�Q�G� 1 =

L vX

i = th +1

iPh i

! 1(th)
������

� 2
B = � 1 + � 2 ������

�1�R�W�L�F�H �W�K�D�W� 1 �D�Q�G� 2 �L�Q �(�T�� �� �D�U�H �W�K�H �Y�D�U�L�D�Q�F�H�V �R�IC1 �D�Q�GC2 �W�K�D�W �L�G�H�Q�W�L�I�L�H�G �D�V
�I�R�O�O�R�Z�V��

� 1 = ! 0(� 0 + � y )2 �D�Q�G� 2 = ! 1(� 1 + � y )2 ������

�Z�K�H�U�H� y = ! 0� 0 + ! 1� 1�� �%�D�V�H�G �R�Q �W�K�H �Y�D�O�X�H�V� 1 �D�Q�G� 2�� �(�T�� �� �L�O�O�X�V�W�U�D�W�H�V �W�K�H
�R�E�M�H�F�W�L�Y�H �I�X�Q�F�W�L�R�Q�� �$�V �D �U�H�V�X�O�W�� �W�K�H �R�S�W�L�P�L�]�D�W�L�R�Q �S�U�R�E�O�H�P �F�D�Q �E�H �V�L�P�S�O�L�I�L�H�G �I�R�U �G�H�W�H�U�P�L�Q�L�Q�J
�W�K�H �L�Q�W�H�Q�V�L�W�\ �O�H�Y�H�O�� �Z�K�L�F�K �P�D�[�L�P�L�]�H�V �(�T�� ����

Fotsu (th) = Max (� 2
B (th)) ; 0 � th � L v � 1 ������

�Z�K�H�U�H� 2
B (th) �L�Q�G�L�F�D�W�H�V �W�K�H �2�W�V�X �R�I �D �S�U�R�Y�L�G�H�Gth �Y�D�O�X�H�� �2�W�V�X�¶�V �D�S�S�U�R�D�F�K �L�V �X�V�H�G

�I�R�U �D �V�L�Q�J�O�H �O�D�\�H�U �I�U�R�P �D�Q �L�P�D�J�H�� �Z�K�L�F�K �P�H�D�Q�V �D�S�S�O�\�L�Q�J �L�W �W�R �W�K�H �W�K�U�H�H �O�D�\�H�U�V �I�R�U �F�R�O�R�U
�L�P�D�J�H�V �L�V �U�H�T�X�L�U�H�G�� �7�K�H �L�Q�L�W�L�D�O �L�G�H�D �R�I �D �E�L�O�H�Y�H�O �W�H�F�K�Q�L�T�X�H �F�D�Q �E�H �F�K�D�Q�J�H�G �W�R �D�F�F�R�P�P�R�G�D�W�H
�P�X�O�W�L�S�O�H �W�K�U�H�V�K�R�O�G�V�� �7�K�H �I�L�W�Q�H�V�V �I�X�Q�F�W�L�R�QFotsu (th) �L�Q �(�T�� �� �F�D�Q �E�H �F�K�D�Q�J�H�G �I�R�U �P�X�O�W�L�S�O�H
�W�K�U�H�V�K�R�O�G�V �E�D�V�H�G �R�Q �W�K�H �I�R�O�O�R�Z�L�Q�J��

Fotsu (TH ) = Max (� 2
B (th)) ; 0 � th i � L v � 1 ; i = [1 ; 2; 3; :::; K ] ��������

�Z�K�H�U�HTH = [ th1; th2; :::::thk � 1]�� �G�H�Q�R�W�H�V �D �Y�H�F�W�R�U �L�Q�Y�R�O�Y�L�Q�J �P�X�O�W�L�S�O�H �W�K�U�H�V�K�R�O�G�L�Q�J
�D�Q�G �W�K�H �Y�D�U�L�D�Q�F�H�V �F�D�Q �E�H �F�D�O�F�X�O�D�W�H�G �E�\ �(�T�� ������

� 2
B =

kX

i =1

� i =
kX

i =1

! 1(� 1 � � y )2 ��������

�Z�K�H�U�Hi �G�H�Q�R�W�H�V �W�K�H �V�S�H�F�L�I�L�F �F�O�D�V�V��! i �D�Q�G� j �L�Q�G�L�F�D�W�H �W�K�H �R�F�F�X�U�U�H�Q�F�H �S�U�R�E�D�E�L�O�L�W�\ �D�Q�G
�W�K�H �F�O�D�V�V �P�H�D�Q�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �)�R�U �P�X�O�W�L�S�O�H �W�K�U�H�V�K�R�O�G�V�� �Y�D�O�X�H�V �D�U�H �W�D�N�H�Q �D�V��

! k � 1(th) =
L vX

i = th k +1

Phi ��������

�I�R�U �P�H�D�Q �Y�D�O�X�H�V��

� k � 1 =
L vX

i = th k +1

iPh i

! 1(thk )
��������

�,�Q �W�K�L�V �S�D�S�H�U�� �Z�H �X�V�H �2�W�V�X�¶�V �P�H�W�K�R�G �D�V �D �I�L�W�Q�H�V�V �I�X�Q�F�W�L�R�Q �W�K�D�W �Z�L�O�O �E�H �P�D�[�L�P�L�]�H�G��
�7�K�H �U�H�D�V�R�Q �I�R�U �X�V�L�Q�J �R�W�V�X�¶�V �P�H�W�K�R�G �L�V �W�K�D�W �L�W �L�V �R�Q�H �R�I �W�K�H �P�R�V�W �Z�L�G�H�O�\ �X�V�H�G �P�H�W�K�R�G�V �L�Q
�P�X�O�W�L���O�H�Y�H�O �W�K�U�H�V�K�R�O�G�L�Q�J �L�P�D�J�H �V�H�J�P�H�Q�W�D�W�L�R�Q �S�U�R�E�O�H�P�V��
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���������� �(�Q�W�U�R�S�\ �E�D�V�H�G �W�K�U�H�V�K�R�O�G�L�Q�J

�(�Q�W�U�R�S�\ �F�U�H�D�W�H�V �D �V�W�D�W�L�V�W�L�F�D�O �Y�D�U�L�H�W�\ �V�F�R�U�H �E�D�V�H�G �R�Q �W�K�H �L�Q�W�H�Q�V�L�W�\ �O�H�Y�H�O�V �R�I �D�Q �L�Q�S�X�W �L�P��
�D�J�H�� �(�Q�W�U�R�S�\���E�D�V�H�G �W�K�U�H�V�K�R�O�G�L�Q�J �L�V �D �U�H�O�L�D�E�O�H �W�H�F�K�Q�L�T�X�H �V�L�Q�F�H �W�K�H �F�K�R�V�H�Q �W�K�U�H�V�K�R�O�G �L�V
�L�Q�G�H�S�H�Q�G�H�Q�W �R�I �V�O�L�J�K�W �Y�D�U�L�D�W�L�R�Q�V �L�Q �W�K�H �L�Q�S�X�W �L�P�D�J�H �D�Q�G �L�V �G�H�F�L�G�H�G �E�D�V�H�G �R�Q �D�Q �R�Y�H�U�D�O�O
�D�Q�G �R�E�M�H�F�W�L�Y�H �T�X�D�O�L�W�\ �R�I �W�K�H �L�P�D�J�H �K�L�V�W�R�J�U�D�P �>�.�D�S�X�U �H�W �D�O���� ���������D�@�� �)�X�U�W�K�H�U�P�R�U�H�� �W�K�H
�F�U�R�V�V���H�Q�W�U�R�S�\���E�D�V�H�G �R�E�M�H�F�W�L�Y�H �I�X�Q�F�W�L�R�Q �K�D�V �U�H�F�H�Q�W�O�\ �S�U�R�Y�L�G�H�G �S�U�R�P�L�V�L�Q�J �U�H�V�X�O�W�V �I�R�U �W�K�H
�E�U�D�L�Q �0�5�, �V�H�J�P�H�Q�W�D�W�L�R�Q �S�U�R�E�O�H�P �>�%�D�Q�G�\�R�S�D�G�K�\�D�\ �H�W �D�O���� ���������@�� �$�F�F�R�U�G�L�Q�J�O�\�� �W�R �V�R�O�Y�H
�W�K�H �&�2�9�,�'������ �&�7 �L�P�D�J�H �V�H�J�P�H�Q�W�D�W�L�R�Q �S�U�R�E�O�H�P�� �W�K�H �H�Q�W�U�R�S�\���E�D�V�H�G �W�K�U�H�V�K�R�O�G�L�Q�J �P�H�W�K�R�G
�L�V �S�U�H�I�H�U�U�H�G �L�Q �W�K�H �F�X�U�U�H�Q�W �V�W�X�G�\�� �)�R�U �W�K�L�V �S�X�U�S�R�V�H���F�U�R�V�V���H�Q�W�U�R�S�\ �L�V �H�P�S�O�R�\�H�G �D�V �D�Q �R�E�M�H�F��
�W�L�Y�H �I�X�Q�F�W�L�R�Q �I�R�U �W�K�H �I�L�W�Q�H�V�V �D�V�V�L�J�Q�P�H�Q�W �R�I �W�K�H �J�H�Q�H�U�D�W�H�G �V�R�O�X�W�L�R�Q�V ���L���H���� �W�K�U�H�V�K�R�O�G �Y�D�O�X�H�V��
�L�Q �W�K�H �S�U�R�S�R�V�H�G �F�R�R�S�H�U�D�W�L�Y�H �R�S�W�L�P�L�]�D�W�L�R�Q �P�R�G�H�O��

���������� �&�U�R�V�V���H�Q�W�U�R�S�\�¶�V �P�H�W�K�R�G

�7�K�H �&�U�R�V�V���H�Q�W�U�R�S�\ �P�H�W�K�R�G�� �Q�D�P�H�G �.�D�S�X�U �>�.�D�S�X�U �H�W �D�O���� ���������E�@ �W�H�F�K�Q�L�T�X�H�� �L�V �D �W�K�U�H�V�K�R�O�G��
�L�Q�J �W�H�F�K�Q�L�T�X�H �X�V�H�G �W�R �G�H�Y�H�O�R�S �W�K�H �L�P�D�J�H �V�H�J�P�H�Q�W�D�W�L�R�Q �S�U�R�F�H�V�V�� �.�D�S�X�U�¶�V �P�H�W�K�R�G �F�K�R�R�V�H�V
�W�K�H �E�H�V�W �W�K�U�H�V�K�R�O�G�L�Q�J �E�D�V�H�G �R�Q �P�D�[�L�P�L�]�L�Q�J �H�Q�W�U�R�S�\�� �7�K�H �P�D�W�K�H�P�D�W�L�F�D�O �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q
�K�D�V �R�X�W�O�L�Q�H�G �D�V �I�R�O�O�R�Z�V��

Fkapur (th) = H1 + H2 ��������

�Z�K�H�U�H �W�K�H �H�Q�W�U�R�S�L�H�VH1 �D�Q�GH2 �D�U�H �F�R�P�S�X�W�H�G �D�V��

H1 =
thX

i =1

Phi

! 0
ln (

Phi

! 0
) �D�Q�GH2 =

LX

i = th +1

Phi

! 1
ln (

Phi

! 1
) ��������

�Z�K�H�U�HPhi �L�V �W�K�H �S�U�R�E�D�E�L�O�L�W�\ �G�L�V�W�U�L�E�X�W�L�R�Q �R�I �W�K�H �L�Q�W�H�Q�V�L�W�\ �O�H�Y�H�O�V �D�F�K�L�H�Y�H�G �E�\ �(�T����������
! 0(th) �D�Q�G! 1(th) �D�U�H �S�U�R�E�D�E�L�O�L�W�L�H�V �G�L�V�W�U�L�E�X�W�L�R�Q�V �I�R�U �W�K�H �F�O�D�V�V�H�VC1 �D�Q�GC2�� �/�L�N�H �W�K�H
�2�W�V�X �W�H�F�K�Q�L�T�X�H�� �W�K�H �.�D�S�X�U �P�H�W�K�R�G �K�D�V �E�H�H�Q �P�R�G�L�I�L�H�G �I�R�U �P�X�O�W�L���W�K�U�H�V�K�R�O�G �Y�D�O�X�H�V�� �,�W �L�V
�F�U�X�F�L�D�O �W�R �G�L�Y�L�G�H �W�K�H �L�P�D�J�H �L�Q�W�RN �F�O�D�V�V�H�V �E�\N � 1 �W�K�U�H�V�K�R�O�G�V�� �7�K�H �I�R�O�O�R�Z�L�Q�J �I�R�U�P�X�O�D
�U�H�S�U�H�V�H�Q�W�V �W�K�H �Q�H�Z �I�L�W�Q�H�V�V �I�X�Q�F�W�L�R�Q��

Fkapur (TH ) =
NX

i =1

H i ��������

TH = [ th1; th2; :::; thN � 1] �L�V �D �Y�H�F�W�R�U �F�R�Q�W�D�L�Q�V �G�L�I�I�H�U�H�Q�W �W�K�U�H�V�K�R�O�G�V�� �7�K�H �H�Q�W�U�R�S�\ �L�V
�F�D�O�F�X�O�D�W�H�G �L�Q�G�H�S�H�Q�G�H�Q�W�O�\ �D�Q�G �J�L�Y�H�Q �L�W�V �D�V�V�R�F�L�D�W�H�G �Y�D�O�X�H ��th ���� �D�V �V�H�H�Q �L�Q �(�T������������ �7�K�H
�H�Q�W�U�R�S�\ �L�V �U�H�S�U�H�V�H�Q�W�H�G �E�\��

H c
N =

LX

i = th N +1

Phi

! N � 1
ln (

Phi

! N � 1
) ��������

�7�K�H �S�U�R�E�D�E�L�O�L�W�\ �Y�D�O�X�H�V �R�F�F�X�U�U�H�Q�F�H(! c
0; ! 1; :::; ! N � 1) �R�I �W�K�HN �F�O�D�V�V�H�V �D�U�H �R�E�W�D�L�Q�H�G

�E�\ �(�T�� �������� �D�Q�G �W�K�H �S�U�R�E�D�E�L�O�L�W�\ �G�L�V�W�U�L�E�X�W�L�R�QPhi �Z�L�W�K �(�T�� ��������

���������� �7�V�D�O�O�L�V �H�Q�W�U�R�S�\

�7�K�H �H�Q�W�U�R�S�\ �R�I �D �G�L�V�F�U�H�W�H �V�R�X�U�F�H �L�V �I�U�H�T�X�H�Q�W�O�\ �G�H�W�H�U�P�L�Q�H�G �I�U�R�P �W�K�H �S�U�R�E�D�E�L�O�L�W�\ �G�L�V�W�U�L�E�X�W�L�R�Q��
�Z�K�H�U�HPr = Pr j �U�H�S�U�H�V�H�Q�W�V �W�K�H �S�U�R�E�D�E�L�O�L�W�\ �R�I �I�L�Q�G�L�Q�J �W�K�H �V�\�V�W�H�P �L�Q �H�D�F�K �S�R�V�V�L�E�O�H �V�W�D�W�H



������ �7�K�D�K�H�U �7���� �6�D�E�K�D �0���� �(�P�D�P �0���0���� �&�R�R�S�H�U�D�W�L�Y�H �6�Z�D�U�P �,�Q�W�H�O�O�L�J�H�Q�F�H ������

j �>�$�J�U�D�Z�D�O �H�W �D�O���� ���������@��0 6 P r > 1 �D�Q�G
mX

j =0

Pr j = 1 �� �7�K�H �6�K�D�Q�Q�R�Q �H�Q�W�U�R�S�\ �F�D�Q �E�H

�G�H�I�L�Q�H�G �D�V��

Sh = �
kX

j =1

Pr j �O�Q(P r j ) ��������

�Z�K�H�U�H �N �L�V �W�K�H �W�R�W�D�O �Q�X�P�E�H�U �R�I �V�W�D�W�H�V�� �6�K�D�Q�Q�R�Q �H�Q�W�U�R�S�\ �K�D�V �W�K�H �H�[�W�H�Q�V�L�Y�H �S�U�R�S�H�U�W�\��

S(A + B ) = S(A) + S(B ) ��������

�%�D�V�H�G �R�Q �P�X�O�W�L���I�U�D�F�W�D�O �W�K�H�R�U�\�� �7�V�D�O�O�L�V �H�Q�W�U�R�S�\ �F�D�Q �E�H �J�H�Q�H�U�D�O�L�]�H�G �W�R �Q�R�Q���H�[�W�H�Q�V�L�Y�H
�V�\�V�W�H�P�V �X�V�L�Q�J �D �I�D�P�L�O�L�D�U �H�Q�W�U�R�S�L�F �I�R�U�P�X�O�D �>�7�V�D�L�� ���������@��

Sq =

1 �
kX

j =1

(P r j )q

q � 1
��������

�Z�K�H�U�H �T �L�V �W�K�H �P�H�D�V�X�U�H �R�I �W�K�H �G�H�J�U�H�H �R�I �Q�R�Q���H�[�W�H�Q�V�L�Y�L�W�\ �R�I �W�K�H �V�\�V�W�H�P �N�Q�R�Z�Q �D�V
�W�K�H �7�V�D�O�O�L�V �S�D�U�D�P�H�W�H�U �R�U �H�Q�W�U�R�S�L�F �L�Q�G�H�[�� �7�V�D�O�O�L�V �H�Q�W�U�R�S�\ �F�D�Q �E�H �G�H�V�F�U�L�E�H�G �E�\ �D �S�V�H�X�G�R��
�D�G�G�L�W�L�Y�L�W�\ �H�Q�W�U�R�S�L�F �U�X�O�H �X�V�L�Q�J �(�T�� ����

Sq = ( A + B ) = Sq(A) + Sq(B ) + (1 � q) � Sq(A) � Sq(B ) ��������

�7�K�L�V �N�L�Q�G �R�I �W�H�F�K�Q�L�T�X�H �L�V �H�[�S�O�R�L�W�H�G �I�R�U �W�K�U�H�V�K�R�O�G�L�Q�J �W�K�H �L�P�D�J�H�� �$�V�V�X�P�H �W�K�D�WGr
�J�U�D�\ �O�H�Y�H�O�V �D�U�H �S�U�H�V�H�Q�W�H�G �L�Q �W�K�H �L�Q�S�X�W �L�P�D�J�H �K�D�Y�L�Q�J �D �U�D�Q�J�H �R�I ���� ���� �«�� �*�U�� �D�Q�Gf P r i =
Pr1; P r2; �« ; P rGr g �L�V �W�K�H �S�U�R�E�D�E�L�O�L�W�\ �G�L�V�W�U�L�E�X�W�L�R�Q �R�I �J�U�D�\ �L�Q�W�H�Q�V�L�W�\ �S�R�L�Q�W�V�� �%�D�V�H�G �R�Q
�W�K�H �D�E�R�Y�H �W�Z�R �S�U�R�E�D�E�L�O�L�W�\ �G�L�V�W�U�L�E�X�W�L�R�Q�V�� �W�Z�R �F�O�D�V�V�H�V �Q�D�P�H�G �F�O�D�V�V �$ �D�Q�G �F�O�D�V�V �% �F�D�Q �E�H
�R�E�W�D�L�Q�H�G �I�R�U �E�D�F�N�J�U�R�X�Q�G �D�Q�G �I�R�U �W�K�H �R�E�M�H�F�W �R�I �L�Q�W�H�U�H�V�W�� �Z�K�L�F�K �L�V �J�L�Y�H�Q �E�\ �(�T�� ����

P rA =
Pr1

Pr A ;
P r2

Pr A ; :::;
P r t

Pr A and PrB =
Pr t +1

Pr B ;
P r t +2

Pr B ; :::;
P rGr

Pr B ��������

�Z�K�H�U�HPr A =
tX

i =1

Pr i �D�Q�GPr B =
GrX

i = t +1

Pr i ��

�)�R�U �H�D�F�K �F�O�D�V�V�� �7�V�D�O�O�L�V �H�Q�W�U�R�S�\ �F�D�Q �E�H �F�O�D�V�V�L�I�L�H�G �D�V��

SA
q (t) =

1 �
tX

i =1

(P r i / P r A )q

q � 1
; SB

q (t) =

1 �
GX

i = t +1

r (P r i / P r B )q

q � 1
��������

�0�D�[�L�P�L�]�L�Q�J �W�K�H �F�R�P�S�X�W�D�W�L�R�Q �R�I �L�Q�I�R�U�P�D�W�L�R�Q �E�H�W�Z�H�H�Q �F�O�D�V�V�H�V �$ �D�Q�G �% �L�V �S�R�V�V�L�E�O�H�� �$�Q
�L�G�H�D�O �W�K�U�H�V�K�R�O�G �Y�D�O�X�H �L�V �U�H�I�H�U�U�H�G �W�R �D�V �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �J�U�H�\ �O�H�Y�H�O�� �7�K�H �L�G�H�D�O �W�K�U�H�V�K�R�O�G
�Y�D�O�X�H �I�R�U �E�L���O�H�Y�H�O �W�K�U�H�V�K�R�O�G�L�Q�J �L�V �W�K�H �J�U�H�\ �O�H�Y�H�O �I�R�U �Z�K�L�F�K �W�K�H �L�Q�I�R�U�P�D�W�L�R�Q �P�H�D�V�X�U�H �E�H�W�Z�H�H�Q
�W�Z�R �F�O�D�V�V�H�V ���I�R�U�H�J�U�R�X�Q�G �D�Q�G �E�D�F�N�J�U�R�X�Q�G�� �L�V �P�D�[�L�P�L�]�H�G�� �W�K�L�V �F�D�Q �E�H �D�F�F�R�P�S�O�L�V�K�H�G �E�\
�X�W�L�O�L�]�L�Q�J �W�K�H �R�E�M�H�F�W�L�Y�H �I�X�Q�F�W�L�R�Q �Z�L�W�K �O�L�W�W�O�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �H�I�I�R�U�W��



�7�K�D�K�H�U �7���� �6�D�E�K�D �0���� �(�P�D�P �0���0���� �&�R�R�S�H�U�D�W�L�Y�H �6�Z�D�U�P �,�Q�W�H�O�O�L�J�H�Q�F�H ������������

T = �D�U�J �P�D�[[SA
q (t) + SB

q (t) + (1 � q� SA
q (t) � SB

q (t)] ��������

�$�F�F�R�U�G�L�Q�J �W�R �W�K�H �I�R�O�O�R�Z�L�Q�J �F�R�Q�V�W�U�D�L�Q�W��jP r A + Pr B j� 1 < S < 1 � j P r A + Pr B j
�7�K�H �D�E�R�Y�H �S�U�R�F�H�V�V �F�D�Q �E�H �V�L�P�S�O�\ �H�[�W�H�Q�G�H�G �I�R�U �P�X�O�W�L���O�H�Y�H�O �W�K�U�H�V�K�R�O�G�L�Q�J �X�V�L�Q�J �(�T��

[T1; T2; ::; Tm ] = �D�U�J �P�D�[[S1
q (t)+ S2

q (t)+ :::+ SM
q (t)+(1 � q) � S1

q (t) � S2
q (t)::SM

q (t)]
��������

�Z�K�H�U�H��

S1
q (t) =

1�

t 1X

i =1

(P r i / P r 1)q

q� 1 ; S2
q (t) =

1�

t 2X

i = t 1 +1

(P r i / P r 2)q

q� 1

�D�Q�G��SM
q (t) =

1�

GrX

i =( t m +1)

(P r i / P r M )q

q� 1 ; M = m + 1

������ �6�Z�D�U�P �L�Q�W�H�O�O�L�J�H�Q�F�H �L�Q�V�S�L�U�H�G �P�H�W�D���K�H�X�U�L�V�W�L�F�V

�0�H�W�D���K�H�X�U�L�V�W�L�F�V �D�U�H �J�H�Q�H�U�D�O���S�X�U�S�R�V�H�G �D�S�S�U�R�[�L�P�D�W�H �D�O�J�R�U�L�W�K�P�V �G�H�V�L�J�Q�H�G �W�R �W�D�F�N�O�H �D �Z�L�G�H
�U�D�Q�J�H �R�I �R�S�W�L�P�L�]�D�W�L�R�Q �S�U�R�E�O�H�P�V�� �S�D�U�W�L�F�X�O�D�U�O�\ �F�R�P�E�L�Q�D�W�R�U�L�D�O �R�Q�H�V�� �0�H�W�D���K�H�X�U�L�V�W�L�F�V �D�U�H �D
�S�U�R�P�L�Q�H�Q�W �W�\�S�H �R�I �V�W�R�F�K�D�V�W�L�F �R�S�W�L�P�L�]�D�W�L�R�Q �W�K�D�W �X�V�H�V �V�R�P�H �G�H�J�U�H�H �R�I �U�D�Q�G�R�P�Q�H�V�V �W�R �R�E�W�D�L�Q
�K�L�J�K���T�X�D�O�L�W�\ ���L���H���� �Q�H�D�U���R�S�W�L�P�D�O�� �V�R�O�X�W�L�R�Q�V �L�Q �D �U�H�D�V�R�Q�D�E�O�H �D�P�R�X�Q�W �R�I �W�L�P�H�� �$�F�F�R�U�G�L�Q�J
�W�R �>�*�O�R�Y�H�U �D�Q�G �.�R�F�K�H�Q�E�H�U�J�H�U�� ���������@�� �P�H�W�D���K�H�X�U�L�V�W�L�F�V �D�U�H �V�H�D�U�F�K �D�O�J�R�U�L�W�K�P�V �W�K�D�W �R�U�F�K�H�V��
�W�U�D�W�H �W�K�H �L�Q�W�H�U�S�O�D�\ �E�H�W�Z�H�H�Q �W�R�S���O�H�Y�H�O �V�W�U�D�W�H�J�L�H�V �D�Q�G �O�R�F�D�O �L�P�S�U�R�Y�H�P�H�Q�W �P�H�W�K�R�G�V�� �7�K�L�V
�K�D�U�P�R�Q�L�R�X�V �F�R�R�U�G�L�Q�D�W�L�R�Q �O�H�D�G�V �W�R �W�K�H �F�U�H�D�W�L�R�Q �R�I �D�Q �H�I�I�H�F�W�L�Y�H �V�H�D�U�F�K �S�U�R�F�H�V�V �F�D�S�D�E�O�H �R�I
�F�R�Q�G�X�F�W�L�Q�J �U�H�O�L�D�E�O�H �J�O�R�E�D�O �V�H�D�U�F�K�H�V�� �*�O�R�Y�H�U�¶�V �S�H�U�V�S�H�F�W�L�Y�H �H�P�S�K�D�V�L�]�H�V �W�K�H �S�L�Y�R�W�D�O �U�R�O�H �R�I
�P�H�W�D���K�H�X�U�L�V�W�L�F�V �L�Q �E�D�O�D�Q�F�L�Q�J �H�[�S�O�R�U�D�W�L�R�Q �D�Q�G �H�[�S�O�R�L�W�D�W�L�R�Q �W�R �D�F�K�L�H�Y�H �R�S�W�L�P�D�O �V�R�O�X�W�L�R�Q�V��
�$�V �D �U�H�V�X�O�W�� �W�K�H�V�H �P�H�W�K�R�G�V �G�H�F�U�H�D�V�H �W�K�H �V�L�]�H �R�I �W�K�H �V�H�D�U�F�K �V�S�D�F�H �E�\ �H�I�I�L�F�L�H�Q�W�O�\ �H�[�D�P�L�Q�L�Q�J
�W�K�H �S�U�R�P�L�V�L�Q�J �U�H�J�L�R�Q�V �>�7�D�O�E�L�� ���������@�� �,�Q �0�H�W�D���K�H�X�U�L�V�W�L�F�V�� �H�[�S�O�R�L�W�D�W�L�R�Q �D�Q�G �H�[�S�O�R�U�D�W�L�R�Q
�D�U�H �I�U�H�T�X�H�Q�W�O�\ �R�S�S�R�V�L�Q�J �S�U�R�F�H�V�V�H�V�� �0�H�W�D���K�H�X�U�L�V�W�L�F�V �X�V�H �D�Q�G �S�U�R�P�R�W�H �W�K�H�L�U �U�D�Q�G�R�P�L�]�H�G
�R�S�H�U�D�W�R�U�V �L�Q �W�K�H �H�[�S�O�R�U�D�W�L�R�Q �S�U�R�F�H�V�V �W�R �W�U�\ �W�R �H�[�S�O�R�U�H �G�L�I�I�H�U�H�Q�W �V�H�D�U�F�K �V�S�D�F�H �U�H�J�L�R�Q�V��
�&�R�Q�W�U�D�U�L�O�\�� �H�[�S�O�R�L�W�D�W�L�R�Q �I�R�F�X�V�H�V �R�Q �L�G�H�Q�W�L�I�\�L�Q�J �W�K�H �Y�L�F�L�Q�L�W�\ �R�I �S�U�R�V�S�H�F�W�L�Y�H �V�R�O�X�W�L�R�Q�V �W�R
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x j
i (t + 1) = x j
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i (t + 1) ��������
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