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Abstract: Pendulum-Driven Spherical Robots are a type of spherical robot whose motion is

achieved by controlling two motors for longitudinal and lateral motion. This configuration makes

the robot a non-holonomic system, which impedes it from navigating directly towards a target. In

addition, controlling its motion on inclined irregular surfaces is also an issue that has not received

much attention. In this work, we addressed these two issues by proposing a methodology to con-

trol both motors using PID controllers. However, we propose tuning the controller’s gains using

stochastic signals for the longitudinal controller because by varying the motor’s torque, the robot

is more susceptible to destabilization in combination with a classical gain tuning methodology for

the second controller. Our results indicate that this enables the robot to perform motion on inclined

irregular surfaces. We also propose using semicircular trajectories to plan the robot’s motion to

reach a target successfully even when moving on inclined irregular surfaces. We have carried

out experiments in the Webots simulator, showing that our approach does not overshoot while

reaching a settling time of almost 0. These results outperform the Ziegler-Nichols PID controller.
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1 Introduction

Mobile robots have been widely used for exploring unknown environments, both on
the land and in space. They must deal with harsh conditions that compromise their
integrity, such as dust, humidity, and water. Spherical robots are a type of mobile
robot able to overcome those conditions. They are equipped with an external shell that
protects their internal components even from collisions, and the robot is not overturned
due to their spherical shape [Koshiyama and Yamafuji 93]. These features make them
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appropriate for unmanned vehicle applications to be deployed on hostile or irregular
surfaces. Furthermore, this type of robot can reduce friction and energy consumption for
its motion since they have minimum contact with the support surface.

According to their motion mechanism, the taxonomy of the spherical robots considers
a barycenter offset, shell transform, and conservation of angular moment [Chase and
Pandya 12]. This work focuses on a Pendulum-Driven Spherical Robot (PDSR) with a
barycenter offset, shifting the center mass through a pendulum that rotates around the
shaft. A drawback of this robot is that movement is non-holonomic, which means its
global degrees of freedom are greater than the degrees of freedom that can be controlled,
which represents a significant challenge in the design of trajectories planning.

A PDSR has two motors to produce the robot’s locomotion, one of them is placed
at one end of the transversal shaft to produce longitudinal motion. At the same time,
the other is located at the center of the transversal shaft to make steering motion. Each
motor is controlled by a PID that regulates the torque supplied to them. The PID control
was tuned using stochastic signals for the longitudinal motor, making it more robust
to disturbances because it is needed to manipulate the torque. According to the tests
performed, a slight change in such value is capable of destabilizing the system. In contrast,
the steering motor’s PID control was tuned classically due to the value being manipulated
is the angular velocity, and opposite to the first motor, it does not affect the robot’s
behavior abruptly. PID controllers was consider to take advantage of their benefits, such
as the less amount of sensors to be installed inside the spherical shell, resulting in less
energy consumption and, therefore, greater autonomy to perform space exploration in
hostile environments.

Although extensive research has been conducted in this area, there are still some short-
comings to be addressed. For instance, a PDRS has difficulties performing locomotion
on inclined slopes [Chase and Pandya 12]. In addition, their non-holonomic constraints
do not allow them to reach goals directly or perform the backward motion. Motivated
by these constraints, in this work, we propose an approach to enable a PDSR to follow
trajectories considering the turning radius associated with its movement when it is rolling
over a surface whose slope is changing continuously. Thus, by proposing semicircular
trajectories, the robot becomes capable of reaching goals on inclined surfaces with the
caveat that more time may be required to execute the motion. Figure 1 depicts the stages
this work covers. In phase one, the mathematical model is obtained which is used to
tune the stochastic PID and classic PID controllers in second stage. The third stage focus
on implement both controllers to enable PDSR to roll over irregular surfaces and track
the proposed trajectories. Finally, in the last stage, simulation results using Webots as
virtual environment are carried out.

This paper is organized as follows: In section 2, previous work done by other authors
related to the scope of this work is presented. Section 3 describes the mathematical model
of the spherical robot driven by one simple pendulum used to realize this project. The
techniques to make the robot able to deal with inclined and irregular surfaces are exposed
in Section 4. The proposed approach for tracking the trajectories to be followed by the
system is exposed in Section 5. Section 6 presents the results obtained by implementing
the system in a virtual environment, which in this case is Webots©. The conclusions
reached from the analysis of the results are discussed in Section 7.
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Figure 1: Proposed work flow diagram of PDSR rolling over irregular surfaces

2 Related work

Spherical robots moving on inclined planes have been studied by some authors, especially
those whose slope does not change over time. A spherical robot model with an axisym-
metric pendulum at the transversal shaft of the robot was proposed in [Ivanova et al. 18b].
The robot can roll over rough surfaces without slipping, and it can perform longitudinal
motion and steering motion to perform some basic trajectories like a straight line and
a circle. The algorithm to control the robot is a pure pursuit controller that considers a
path as the reference and forces the system to follow it considering its current direction
of motion and the desired direction [Ivanova et al. 18a]. The analysis of wobbling and
precession of a spherical robot driven by one pendulum while it executes turning motion
with a moderate forward speed was performed [Singhal et al. 23]. Also, the dynamic
model of a spherical robot driven by a two-degree-of-freedom pendulum was derived
using Boltzmann-Hamel equation and it was controlled using an adaptative sliding mode
control to track two different trajectories [Tian et al. 23]. The stability of the controller
was proved using Lyapunov Theorem.

Path following control of a spherical robot driven by one simple pendulum using
Lyapunov stability theorem and exponential reaching law has been proposed in [Yu
et al. 13]. The proposed trajectories are straight lines, circles, and a piecewise path.
Geometric PID control and feedback regularization methods were applied to control the
trajectory tracking of hoop robots rolling on an inclined plane [Madhushani et al. 17].
This robots consist of a circular frame containing a drive mechanism to enable the frame
to roll over inclined surfaces and, even the authors mention the driving mechanism could
be one simple pendulum, they focus their results in a cilcular frame containing a cart.
Different locomotion mechanisms are used on robots, such as an internal vehicle and
a simple pendulum. In [Aalipour et al. 20] a nonlinear control is developed to control
the two-dimensional motion of a spherical robot driven by a pendulum, and the rotation
angle and the ideal angle are compared. Heuristic fuzzy controller and PID control are
used by Roozegar et al. [Roozegar and Mahjoob 17] to balance a spherical robot and
perform longitudinal motion on an inclined plane. Genetic algorithms tune PID gains.
An hybrid method for path planning for spherical robots based on pendulum called A�

has been improved to generate feasible and achievable paths than can be followed in
line with low time cost [Zhang et al. 21]. They are capable of calculate the minimal area
for rotation of a spherical robot. Yaw angle prediction has been considered to design
a controller using Fuzzy-PID technique to enable a spherical robot to autonomously
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change its parameters to roll on different environments [Wang et al. 21].
Rough terrains or variable slopes are considered in other works. For example, Rooze-

gar et al. [Roozegar et al. 17] proposed to use a terminal sliding mode control on a
spherical robot rolling on an inclined plane whose slope is variable. They consider that
the angle of the slope is varying by �

8 + �
12 sin( �t

40 ) and the robot performs longitudinal
motion. Moazami et al. [Moazami et al. 19b, Moazami et al. 19a] consider that spherical
robot rolls over rough surfaces, and a pure pursuit method is utilized to deal with the
path tracking control problem of the model. A circular trajectory and a path with sharp
vertices are used to be followed by the robot. A dynamic analysis of the behavior of a
spherical robot that rolls over rough terrains and inclined planes is also carried out in
[Yu et al. 11] where circular trajectories on both surfaces are conducted. Bio-inspired
techniques for overcoming irregular surfaces have been proposed in previous works.
Ocampo et al. [Ocampo-Jiménez et al. 14] proposed a sea urchin-like robot based on a
spherical robot driven by a pendulum equipped with telescopic legs inside the robot that
can be extended to help the robot to overcome hollows in the terrain and obstacles, as
well as deal with rough terrains.

3 Mathematical model of the spherical robot

Some mathematical models that describe pendulum-driven spherical robot have been
proposed by Laplante [Laplante et al. 07], Nagai [Nagai 08], Roozegar [Roozegar and
Mahjoob 17, Roozegar et al. 17], Ocampo [Ocampo 10] and Halme [Halme et al. 96].
We selected the spherical robot model proposed by Roozegar and adapted it to our
requirements. The robot model is obtained by the Euler–Lagrange method, which allows
obtaining it through the system’s energies. In this case, it is essential to assume that
the spherical robot is rolling over a rigid flat surface and does not slip. Figure 2 shows
a schematic side view of a spherical robot. It depicts angles, velocities, masses, and
moments. The parameters of the spherical robot are given in Table 1.

The dynamic model of the spherical robot is derived via the Langrage approach.
The Lagrangian function of the system is L = T � U where T and U are the kinetic
and potential of the system, respectively. The kinetic energy T includes the kinetic and
the rotational energy of the system, and it is given by (1), where Ks and Rs are the
kinetic and rotational energies of the sphere and Kp and Rp are the kinetic and rotational
energies of the pendulum, respectively. The potential energy is the sum of the potential
energy of the sphere and the potential energy of the pendulum around its centroid of the
sphere, as it is shown in (2).

T = Ks + Kp + Rs + Rp (1)

U = Us + Up (2)

The following equations give the kinetic energies:



�������� �6�D�Q�F�K�H�]���6�R�O�D�U �6�����'���� �5�R�G�U�L�J�X�H�]���*�R�P�H�] �*���� �0�D�U�W�L�Q�H�]���&�D�U�U�D�Q�]�D �-���� �&�R�Q�W�U�R�O �R�I ������

�)�L�J�X�U�H ���� �6�S�K�H�U�L�F�D�O �U�R�E�R�W �V�L�G�H �Y�L�H�Z

K s =
1
2

M s(r! s)2

K p =
1
2

M p (( r! s � l (! s + ! p) �F�R�V(� s + � p))2

+ ( l(! s + ! p) �V�L�Q(� s + � p))2)

Rs =
1
2

Js! 2
s ; Rp =

1
2

Jp(! s + ! p)2

�7�K�H �S�R�W�H�Q�W�L�D�O �H�Q�H�U�J�\ �R�I �W�K�H �V�S�K�H�U�HUs �L�V0 �E�H�F�D�X�V�H �L�W �L�V �R�Q �W�K�H �V�X�U�I�D�F�H �L�W �L�V �U�R�O�O�L�Q�J �R�Q��
�7�K�H �S�R�W�H�Q�W�L�D�O �H�Q�H�U�J�\ �R�I �W�K�H �S�H�Q�G�X�O�X�P �F�K�D�Q�J�H�V �V�L�Q�F�H �L�W�V �K�H�L�J�K�W �Y�D�U�L�D�W�L�R�Q�V �I�L�W�W�L�Q�J �W�R �L�W�V
�D�Q�J�O�H�� �D�V �V�K�R�Z�Q �L�Q �W�K�H �I�R�O�O�R�Z�L�Q�J �H�T�X�D�W�L�R�Q�V��

Us = 0 ; Up = � M sgl �F�R�V(� s + � p)

�Z�K�H�U�Hg �L�V �W�K�H �J�U�D�Y�L�W�\ �I�R�U�F�H��
�2�Q�F�H �D�O�O �W�K�H �V�\�V�W�H�P�¶�V �H�Q�H�U�J�L�H�V �D�U�H �R�E�W�D�L�Q�H�G�� �/�D�J�U�D�Q�J�H�¶�V �H�T�X�D�W�L�R�Q�V �F�D�Q �E�H �Z�U�L�W�W�H�Q �D�V

�L�Q ������ �D�Q�G �������� �7�K�H �J�H�Q�H�U�D�O�L�]�H�G �F�R�R�U�G�L�Q�D�W�H�V �F�K�R�V�H�Q �D�U�H �W�K�H �D�Q�J�O�H�Vq1 = � s �D�Q�Gq2 = � p��
�&�R�Q�V�L�G�H�U�L�Q�J �W�K�D�W �D �'�& �P�R�W�R�U �D�W�W�D�F�K�H�G �W�R �W�K�H �P�D�L�Q �V�K�D�I�W �L�V �X�V�H�G �W�R �P�R�Y�H �W�K�H �S�H�Q�G�X�O�X�P �W�R
�G�U�L�Y�H �W�K�H �V�S�K�H�U�L�F�D�O �U�R�E�R�W�� �L�W �F�D�Q �E�H �D�V�V�X�P�H�G� �D�V �W�K�H �W�R�U�T�X�H �J�H�Q�H�U�D�W�H�G �E�\ �W�K�H �'�& �P�R�W�R�U



�6�D�Q�F�K�H�]���6�R�O�D�U �6�����'���� �5�R�G�U�L�J�X�H�]���*�R�P�H�] �*���� �0�D�U�W�L�Q�H�]���&�D�U�U�D�Q�]�D �-���� �&�R�Q�W�U�R�O �R�I ��������������

�3�D�U�D�P�H�W�H�U �6�\�P�E�R�O �9�D�O�X�H
�0�D�V�V �R�I �W�K�H �V�S�K�H�U�HM s 0:5kg
�0�D�V�V �R�I �W�K�H �S�H�Q�G�X�O�X�PM p 0:639kg
�5�D�G�L�X�V �R�I �W�K�H �V�S�K�H�U�Hr 0:2m
�'�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Q �W�K�H �&�0 �R�I
�W�K�H �V�S�K�H�U�H �D�Q�G �W�K�H �&�0 �R�I �S�H�Q��
�G�X�O�X�P

l 0:18m

�$�Q�J�O�H �R�I �W�K�H �V�S�K�H�U�H� s � s

�$�Q�J�O�H �R�I �W�K�H �S�H�Q�G�X�O�X�P� p � p

�0�R�P�H�Q�W �R�I �L�Q�H�U�W�L�D �R�I �W�K�H
�V�S�K�H�U�H

Js 0:536kg � m2

�0�R�P�H�Q�W �R�I �L�Q�H�U�W�L�D �R�I �W�K�H �S�H�Q��
�G�X�O�X�P

Jp 0:00277kg � m2

�$�Q�J�X�O�D�U �Y�H�O�R�F�L�W�\ �R�I �W�K�H
�V�S�K�H�U�H

! s ! s

�$�Q�J�X�O�D�U �Y�H�O�R�F�L�W�\ �R�I �W�K�H �S�H�Q��
�G�X�O�X�P

! p ! p

�)�U�L�F�W�L�R�Q �I�R�U�F�H Ff Ff

�7�R�U�T�X�H �R�I �W�K�H �P�R�W�R�U� �

�7�D�E�O�H ���� �3�D�U�D�P�H�W�H�U�V �R�I �W�K�H �V�S�K�H�U�L�F�D�O �U�R�E�R�W

�D�Q�GFf �D�V �W�K�H �I�U�L�F�W�L�R�Q �I�R�U�F�H �E�H�W�Z�H�H�Q �W�K�H �V�S�K�H�U�L�F�D�O �U�R�E�R�W �D�Q�G �W�K�H �V�X�U�I�D�F�H �R�Q �Z�K�L�F�K �L�W
�P�R�Y�H�V�� �7�K�H �P�D�W�K�H�P�D�W�L�F�D�O �P�R�G�H�O �L�V �J�L�Y�H�Q �E�\ ��������

d
dt

�
@L
@_q1

�
�

@L
@q1

= Q1 ������

d
dt

�
@L
@_q2

�
�

@L
@q2

= Q2 ������

Ff � � = ( Js + Jp + M p l2 + ( M s + M p)r 2

� 2M prl �F�R�V(� s + � p)) _! s

+
�
Jp + M p l2 � M prl �F�R�V(� s + � p)

�
_! p

+ M p l �V�L�Q(� s + � p)(g + r (! s + ! p)2)

� = M sgl �V�L�Q(� s + � p) +
�
Jp + M s l2�

( _! s + _! p)

� M srl _! s �F�R�V(� s + � p)

������

������ �0�R�W�L�R�Q �F�R�Q�W�U�R�O �X�V�L�Q�J �V�W�R�F�K�D�V�W�L�F �V�L�J�Q�D�O�V

�7�K�H �V�S�K�H�U�L�F�D�O �U�R�E�R�W �X�V�H�G �I�R�U �W�K�L�V �Z�R�U�N �S�H�U�I�R�U�P�V �W�Z�R �N�L�Q�G�V �R�I �P�R�W�L�R�Q�� �O�R�Q�J�L�W�X�G�L�Q�D�O �D�Q�G
�O�D�W�H�U�D�O�� �8�V�L�Q�J �'�& �P�R�W�R�U�V�� �Z�H �F�R�Q�W�U�R�O �E�R�W�K �P�R�W�L�R�Q�V�� �2�Q�H �L�V �D�W�W�D�F�K�H�G �W�R �W�K�H �P�D�L�Q �V�K�D�I�W
�W�K�D�W �S�D�V�V�H�V �W�K�U�R�X�J�K �W�K�H �F�D�V�H �I�R�U �O�R�Q�J�L�W�X�G�L�Q�D�O �P�R�W�L�R�Q�� �D�Q�G �W�K�H �V�H�F�R�Q�G �L�V �F�R�Q�Q�H�F�W�H�G �W�R



�������� �6�D�Q�F�K�H�]���6�R�O�D�U �6�����'���� �5�R�G�U�L�J�X�H�]���*�R�P�H�] �*���� �0�D�U�W�L�Q�H�]���&�D�U�U�D�Q�]�D �-���� �&�R�Q�W�U�R�O �R�I ������

�W�K�H �S�H�Q�G�X�O�X�P�¶�V �U�R�G �W�R �F�R�Q�G�X�F�W �V�W�H�H�U�L�Q�J �P�R�W�L�R�Q�� �:�H �H�P�S�O�R�\ �3�,�' �F�R�Q�W�U�R�O�O�H�U�V �W�R �F�R�Q�W�U�R�O
�W�K�H �W�Z�R �'�& �P�R�W�R�U�V�� �+�R�Z�H�Y�H�U�� �W�K�H �W�X�Q�H �R�I �W�K�H �I�L�U�V�W �R�Q�H �L�V �F�D�U�U�L�H�G �R�X�W �W�K�U�R�X�J�K �V�W�R�F�K�D�V�W�L�F
�V�L�J�Q�D�O�V �>�+�D�V�G�R�U�I�I ������ �0�D�W�X�V���9�D�U�J�D�V �H�W �D�O�� �����@ �W�K�D�W �D�O�O�R�Z �X�V �W�R �E�H�W�W�H�U �G�H�D�O �Z�L�W�K �L�U�U�H�J�X�O�D�U
�V�X�U�I�D�F�H�V�� �D�Q�G �W�K�H �V�H�F�R�Q�G �R�Q�H �L�V �W�X�Q�H�G �F�O�D�V�V�L�F�D�O�O�\�� �,�Q �W�K�H �F�D�V�H �R�I �W�K�H �I�L�U�V�W �P�R�W�R�U�� �W�K�H �W�R�U�T�X�H
�L�V �W�K�H �P�D�Q�L�S�X�O�D�W�H�G �Y�D�U�L�D�E�O�H�� �D�Q�G �I�R�U �W�K�H �V�H�F�R�Q�G �R�Q�H�� �Z�H �F�R�Q�W�U�R�O �L�W�V �S�R�V�L�W�L�R�Q �W�K�U�R�X�J�K �W�K�H
�D�Q�J�X�O�D�U �Y�H�O�R�F�L�W�\��

�$�F�F�R�U�G�L�Q�J �W�R �>�+�D�V�G�R�U�I�I �����@�� �D �U�D�Q�G�R�P �Q�X�P�E�H�U �J�H�Q�H�U�D�W�L�R�Q �I�R�O�O�R�Z�H�G �E�\ �D �K�R�O�G �F�R�Q��
�Q�H�F�W�H�G �W�R �D �O�L�Q�H�D�U �I�L�O�W�H�Uw(t) �Z�K�R�V�H �W�U�D�Q�V�I�H�U �I�X�Q�F�W�L�R�Q �L�VW (s) �W�K�D�W �D�O�O�R�Z�V �O�L�P�L�W�L�Q�J �W�K�H
�E�D�Q�G�Z�L�G�W�K �R�I �W�K�H �V�L�J�Q�D�O�V �Q�R�W �W�R �D�O�W�H�U �W�K�H �L�Q�W�H�J�U�D�W�L�R�Q �P�H�W�K�R�G �W�K�D�W �F�D�O�F�X�O�D�W�H�V �W�K�H �U�H�V�S�R�Q�V�H
�R�I �W�K�H �V�\�V�W�H�P��

�7�K�H �V�H�W�S�R�L�Q�W! ssp �D�Q�G �W�K�H �S�H�Q�G�X�O�X�P�¶�V �Y�H�O�R�F�L�W�\ �D�Q�J�X�O�D�U! p �D�U�H �G�L�V�W�X�U�E�H�G �E�\ �Q�R�L�V�H�� �7�R
�J�H�Q�H�U�D�W�H �W�K�H �G�L�V�W�X�U�E�D�Q�F�H �V�L�J�Q�D�Od1(t) �I�R�U �W�K�H �V�H�W�S�R�L�Q�W�� �Z�H �X�V�H �D �V�H�F�R�Q�G���R�U�G�H�U �I�L�O�W�H�U �J�L�Y�H�Q
�E�\

W2(s) =
24:73

s2 + 0 :1651s + 24:73
������

�%�\ �D�Q�D�O�\�V�L�Q�J �W�K�H �S�R�O�H�V �R�I �W�K�H �V�\�V�W�H�P�� �Z�H �R�E�W�D�L�Q�H�G �W�K�H �G�D�P�S�L�Q�J �I�D�F�W�R�U� = 0 :01651
�D�Q�G �W�K�H �Q�D�W�X�U�D�O �I�U�H�T�X�H�Q�F�\! n = 4 :973�� �,�Q �W�K�H �F�D�V�H �R�I! p �Z�H �X�V�H �W�K�H �I�L�U�V�W �R�U�G�H�U �I�L�O�W�H�U
�������W�R �J�H�Q�H�U�D�W�H �W�K�H �G�L�V�W�X�U�E�D�Q�F�H �V�L�J�Q�D�Od2(t) �Z�L�W�Ka0 = 1 �� �Z�K�L�F�K �P�H�D�Q�V �W�K�H �G�L�V�W�X�U�E�D�Q�F�H
�V�S�H�F�W�U�X�P �L�V �P�D�L�Q�O�\ �I�O�D�W�� �7�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q �L�V �F�R�Q�V�L�G�H�U�H�G �D�V ��������

W1(s) =
1

s + a0
������

J (u) =
Z t f

t 0

�
(! ssp � ! s)2 + R

�
k2

p + k2
I + k2

d

��
dt ������

R > 0 �L�V �D �V�F�D�O�D�U �F�R�Q�V�W�D�Q�W �W�R �Y�D�U�\ �W�K�H �Z�H�L�J�K�W�L�Q�J �R�Q �F�R�Q�W�U�R�O���H�I�I�R�U�W �H�[�S�H�Q�V�H �G�X�U�L�Q�J �W�K�H
�L�Q�W�H�U�Y�D�O[t0; t f ]��

�� �0�R�W�L�R�Q �R�Q �L�U�U�H�J�X�O�D�U �V�X�U�I�D�F�H�V

�,�Q �W�K�L�V �Z�R�U�N�� �Z�H �I�R�F�X�V �R�Q �W�K�H �V�F�H�Q�D�U�L�R �Z�K�H�U�H �W�K�H �3�'�6�5 �L�V �U�H�T�X�L�U�H�G �W�R �U�R�O�O �R�Y�H�U �L�U�U�H�J�X�O�D�U
�V�X�U�I�D�F�H�V �Z�K�R�V�H �V�O�R�S�H �F�D�Q �E�H �Y�D�U�L�D�E�O�H �D�Q�G �L�Q�F�O�L�Q�H�G�� �:�H �S�U�R�S�R�V�H �V�R�P�H �V�X�U�I�D�F�H�V �W�R �W�H�V�W �W�K�H
�U�R�E�R�W �X�V�L�Q�J �W�K�H �:�H�E�R�W�V�‹�Y�L�U�W�X�D�O �H�Q�Y�L�U�R�Q�P�H�Q�W�� �7�K�H �I�L�U�V�W �V�X�U�I�D�F�H �F�R�U�U�H�V�S�R�Q�G�V �W�R �D �U�D�P�S
�Z�K�R�V�H �V�O�R�S�H �L�V �E�H�L�Q�J �L�Q�F�U�H�P�H�Q�W�H�G �E�\ �R�Q�H �J�U�D�G�H �H�D�F�K �P�H�W�H�U�� �D�V �V�K�R�Z�Q �L�Q �)�L�J�X�U�H ���� �7�K�H
�V�H�F�R�Q�G �V�X�U�I�D�F�H �L�V �D �Y�D�U�L�D�W�L�R�Q �R�I �W�K�H �R�Q�H �S�U�R�S�R�V�H�G �L�Q �>�0�R�D�]�D�P�L �H�W �D�O�� �����D�@�� �:�H �X�V�H �W�K�H
�I�X�Q�F�W�L�R�Q �G�H�I�L�Q�H�G �E�\ �������� �Z�K�R �V�X�U�I�D�F�H �L�V �V�K�R�Z�Q �L�Q �)�L�J�X�U�H ����

f (x; y) = � 0:025(�F�R�V(2x) + �F�R�V(2y) � 2) ������

�,�W �L�V �Q�H�F�H�V�V�D�U�\ �W�R �F�D�O�F�X�O�D�W�H �W�K�H �V�O�R�S�H �D�Q�J�O�H�V �R�Q �Z�K�L�F�K �W�K�H �V�S�K�H�U�L�F�D�O �U�R�E�R�W �P�R�Y�H�V �W�R
�U�R�O�O �R�Y�H�U �W�K�H�V�H �V�X�U�I�D�F�H�V�� �'�X�H �W�R �D�O�O �F�R�P�S�R�Q�H�Q�W�V �R�I �W�K�H �V�S�K�H�U�L�F�D�O �U�R�E�R�W �P�R�Y�L�Q�J ���W�K�H �F�D�V�H �L�V
�U�R�O�O�L�Q�J�� �D�Q�G �W�K�H �W�U�D�Q�V�Y�H�U�V�D�O �V�K�D�I�W �L�V �R�V�F�L�O�O�D�W�L�Q�J���� �L�W �L�V �Q�R�W �S�R�V�V�L�E�O�H �W�R �P�H�D�V�X�U�H �W�K�H �V�O�R�S�H
�D�Q�J�O�H �X�V�L�Q�J �V�H�Q�V�R�U�V�� �:�H �K�D�Y�H �S�U�R�S�R�V�H�G �D�Q �D�O�W�H�U�Q�D�W�L�Y�H �W�K�D�W �X�V�H�V �W�K�H �*�3�6 �H�P�E�H�G�G�H�G �L�Q
�W�K�H �V�S�K�H�U�L�F�D�O �U�R�E�R�W ���)�L�J�X�U�H ������ �,�W �F�R�Q�V�L�G�H�U�V �D �K�R�U�L�]�R�Q�W�D�O �Y�H�F�W�R�U

���!
P0P1�� �Z�K�H�U�HP0 �L�V �W�K�H

�O�R�F�D�W�L�R�Q �R�I �W�K�H �F�H�Q�W�H�U �R�I �P�D�V�V �D�W �L�Q�V�W�D�Q�Wt � 1 �D�Q�GP1 �L�V �D �S�R�L�Q�W �O�R�F�D�W�H�G �M�X�V�W �L�Q �I�U�R�Q�W �R�I
�W�K�H �S�U�H�Y�L�R�X�V �S�R�L�Q�W��Q �L�V �W�K�H �O�R�F�D�W�L�R�Q �R�I �W�K�H �F�H�Q�W�H�U �R�I �P�D�V�V �R�I �W�K�H �V�S�K�H�U�L�F�D�O �U�R�E�R�W �D�W �W�K�H
�F�X�U�U�H�Q�W �W�L�P�Ht�� �V�R �W�K�H �D�Q�J�O�H� �F�D�Q �E�H �F�D�O�F�X�O�D�W�H�G �X�V�L�Q�J ����������



�6�D�Q�F�K�H�]���6�R�O�D�U �6�����'���� �5�R�G�U�L�J�X�H�]���*�R�P�H�] �*���� �0�D�U�W�L�Q�H�]���&�D�U�U�D�Q�]�D �-���� �&�R�Q�W�U�R�O �R�I ��������������

�)�L�J�X�U�H ���� �5�D�P�S �Z�L�W�K �L�Q�F�U�H�D�V�L�Q�J �V�O�R�S�H�� �V�L�G�H �Y�L�H�Z

�)�L�J�X�U�H ���� �6�X�U�I�D�F�H �J�H�Q�H�U�D�W�H�G �X�V�L�Q�J�������� �>�0�R�D�]�D�P�L �H�W �D�O�� �����D�@��



�������� �6�D�Q�F�K�H�]���6�R�O�D�U �6�����'���� �5�R�G�U�L�J�X�H�]���*�R�P�H�] �*���� �0�D�U�W�L�Q�H�]���&�D�U�U�D�Q�]�D �-���� �&�R�Q�W�U�R�O �R�I ������

�)�L�J�X�U�H ���� �0�H�D�V�X�U�L�Q�J �D�Q�J�O�H�V �X�V�L�Q�J �*�3�6

� = �F�R�V� 1

 ���!
P0P1 �

��!
P0Q

j
���!
P0P1j � j P0Qj

!

��������

�Z�K�H�U�HP0 = ( x t � 1; yt � 1; zt � 1)��P1 = ( x t ; yt ; zt � 1)�� �D�Q�GQ = ( x t ; yt ; zt )��
�,�I �W�K�H �V�S�K�H�U�L�F�D�O �U�R�E�R�W �L�V �R�Q �K�R�U�L�]�R�Q�W�D�O �V�X�U�I�D�F�H�V�� �W�K�H �P�R�W�R�U �'�& �W�R�U�T�X�H �L�V �O�L�P�L�W�H�G �W�R

0:1N � m �W�R �S�H�U�I�R�U�P �W�K�H �O�R�Q�J�L�W�X�G�L�Q�D�O �P�R�W�L�R�Q�� �+�R�Z�H�Y�H�U�� �R�Q �V�X�U�I�D�F�H�V �Z�K�H�U�H �W�K�H �V�O�R�S�H
�L�Q�F�U�H�D�V�H�V�� �W�K�H �W�R�U�T�X�H �Y�D�O�X�H �V�K�R�X�O�G �E�H �L�Q�F�U�H�D�V�H�G �W�R �U�H�D�F�K �W�K�H �D�Q�J�X�O�D�U �Y�H�O�R�F�L�W�\ �W�R �H�Q�D�E�O�H �L�W
�W�R �U�R�O�O �R�Y�H�U �R�Q �W�K�L�V �W�\�S�H �R�I �V�X�U�I�D�F�H�� �7�D�E�O�H �� �V�K�R�Z�V �V�R�P�H �Y�D�O�X�H�V �X�V�H�G �W�R �W�H�V�W �W�K�H �W�R�U�T�X�H �I�R�U
�G�L�I�I�H�U�H�Q�W �D�Q�J�O�H�V �R�I �L�Q�F�O�L�Q�D�W�L�R�Q�� �:�H �L�Q�W�H�U�S�R�O�D�W�H�G �W�K�H�V�H �Y�D�O�X�H�V �X�V�L�Q�J �O�L�Q�H�D�U �O�H�D�V�W �V�T�X�D�U�H�V
�U�H�J�U�H�V�V�L�R�Q �D�V �V�K�R�Z�Q �L�Q �)�L�J�X�U�H �� �W�R �J�H�W �D �I�D�F�W�R�Uc �W�K�D�W �D�O�O�R�Z�V �X�V �W�R �S�U�H�G�L�F�W �W�K�H �Y�D�O�X�H �R�I �W�K�H
�W�R�U�T�X�H �W�R �E�H �D�S�S�O�L�H�G �W�R �W�K�H �'�& �P�R�W�R�U �F�R�Q�V�L�G�H�U�L�Q�J �W�K�H �P�H�D�V�X�U�H�G �D�Q�J�O�H��

�� �7�U�D�M�H�F�W�R�U�\ �W�U�D�F�N�L�Q�J

�7�K�H �V�S�K�H�U�L�F�D�O �U�R�E�R�W �F�D�Q�Q�R�W �U�H�D�F�K �W�D�U�J�H�W�V �D�K�H�D�G �R�I �L�W �W�K�D�W �D�U�H �Q�R�W �O�R�F�D�W�H�G �R�Q �L�W�V �O�R�Q�J�L�W�X�G�L�Q�D�O
�D�[�L�V �R�I �W�U�D�Y�H�O �G�X�H �W�R �Q�R�Q���K�R�O�R�Q�R�P�L�F �F�R�Q�V�W�U�D�L�Q�W�V�� �6�X�S�S�R�V�H �W�K�H �W�D�U�J�H�W �L�V �F�R�Q�W�D�L�Q�H�G �L�Q �W�K�H
�O�H�I�W �R�U �U�L�J�K�W �K�D�O�I���S�O�D�Q�H �F�R�Q�F�H�U�Q�L�Q�J �W�K�H �O�R�Q�J�L�W�X�G�L�Q�D�O �D�[�L�V�� �,�Q �W�K�D�W �F�D�V�H�� �Z�H �P�X�V�W �D�G�Y�D�Q�F�H �L�W
�W�R �W�K�H �S�R�L�Q�W �R�I �L�Q�W�H�U�V�H�F�W�L�R�Q �R�I �W�K�H �D�[�L�V �W�K�D�W �S�D�V�V�H�V �W�K�U�R�X�J�K �W�K�H �W�D�U�J�H�W �D�Q�G �L�V �R�U�W�K�R�J�R�Q�D�O �W�R
�W�K�H �O�R�Q�J�L�W�X�G�L�Q�D�O �D�[�L�V �R�I �W�K�H �U�R�E�R�W�� �7�K�H�Q�� �Z�H �Q�H�H�G �W�R �S�H�U�I�R�U�P �V�W�H�H�U�L�Q�J �P�R�W�L�R�Q �I�R�O�O�R�Z�L�Q�J �D
�V�H�P�L�F�L�U�F�O�H �Z�L�W�K �D �J�L�Y�H�Q �F�X�U�Y�D�W�X�U�H �U�D�G�L�X�V� �� �D�V �V�K�R�Z�Q �L�Q �)�L�J�X�U�H ���� �7�K�U�R�X�J�K �D �V�K�L�I�W �R�I �W�K�H
�F�H�Q�W�H�U �R�I �P�D�V�V �F�D�X�V�H�G �E�\ �W�K�H �O�D�W�H�U�D�O �L�Q�F�O�L�Q�D�W�L�R�Q �R�I �W�K�H �S�H�Q�G�X�O�X�P�� �L�W �L�V �S�R�V�V�L�E�O�H �W�R �H�Q�D�E�O�H
�W�K�H �V�S�K�H�U�L�F�D�O �U�R�E�R�W �W�R �U�H�D�F�K �W�K�H �J�R�D�O �S�R�L�Q�W��



�6�D�Q�F�K�H�]���6�R�O�D�U �6�����'���� �5�R�G�U�L�J�X�H�]���*�R�P�H�] �*���� �0�D�U�W�L�Q�H�]���&�D�U�U�D�Q�]�D �-���� �&�R�Q�W�U�R�O �R�I ��������������

�$�Q�J�O�H�V(o) �0�D�[�L�P�X�P �7�R�U�T�X�H(N � m)
�� ������
�� ������
�� ������
�� ������
���� ������
���� ������
���� ������
���� ������

�7�D�E�O�H ���� �$�Q�J�O�H �R�I �L�Q�F�O�L�Q�D�W�L�R�Q �R�I �W�K�H �S�O�D�Q�H �D�Q�G �W�R�U�T�X�H �D�S�S�O�L�H�G

�)�L�J�X�U�H ���� �/�L�Q�H�D�U �O�H�D�V�W �V�T�X�D�U�H�V �U�H�J�U�H�V�V�L�R�Q

�$�F�U�R�V�V �W�K�H �*�3�6�� �Z�H �J�H�W �W�K�H �F�R�R�U�G�L�Q�D�W�H�V �R�I �W�K�H �U�R�E�R�W�¶�V �F�R�Q�W�D�F�W �S�R�L�Q�W �Z�L�W�K �W�K�H �V�X�U�I�D�F�H
�D�Q�G �R�I �W�K�H �W�D�U�J�H�W �S�R�L�Q�W�[ = ( x1; y1) �U�H�V�S�H�F�W�L�Y�H�O�\�� �+�H�U�H�� �Z�H �I�L�Q�G �W�K�H �F�X�U�Y�D�W�X�U�H �U�D�G�L�X�V
�X�V�L�Q�J �W�K�H �(�X�F�O�L�G�H�D�Q �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Q �E�R�W�K �S�R�L�Q�W�V�� �V�H�H �������� �D�Q�G ����������

 =
r _� 2

r (Js � M prl + r 2(M s + M p))
M pgl�

��������

k�[ � �\k =
p

(x2 � x1)2 + ( y2 � y1)2 ��������
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�)�L�J�X�U�H ���� �6�W�H�H�U�L�Q�J �P�R�W�L�R�Q �R�I �W�K�H �V�S�K�H�U�L�F�D�O �U�R�E�R�W

� =
k�[ � �\k

2
��������

�:�H �X�V�H �W�K�H �F�R�P�S�O�H�P�H�Q�W�D�U�\ �I�L�O�W�H�U���������W�R �U�H�G�X�F�H �W�K�H �V�L�G�H�Z�D�\ �R�V�F�L�O�O�D�W�L�R�Q�V �F�D�X�V�H�G �E�\
�W�K�H �W�L�O�W�L�Q�J �R�I �W�K�H �S�H�Q�G�X�O�X�P �R�I �W�K�H �U�R�E�R�W �Z�K�H�Q �L�W �L�V �S�H�U�I�R�U�P�L�Q�J �V�W�H�H�U�L�Q�J �P�R�W�L�R�Q �>�/�D�Q�G�D �D�Q�G
�3�L�O�D�W �����@�� �7�K�H �D�Q�J�O�H (n ) �L�Q���������L�V �J�R�W �E�\����������� rm (n ) �L�V �W�K�H �D�Q�J�O�H �R�I �L�Q�F�O�L�Q�D�W�L�R�Q �R�I �W�K�H
�S�H�Q�G�X�O�X�P�� �D�Q�G! rm (n ) �L�V �L�W�V �D�Q�J�X�O�D�U �Y�H�O�R�F�L�W�\�� �:�H �J�H�W! rm (n ) �W�K�U�R�X�J�K �D �S�R�V�L�W�L�R�Q �V�H�Q�V�R�U
�D�Q�G �D �J�\�U�R �O�R�F�D�W�H�G �R�Q �W�K�H �V�H�F�R�Q�G �P�R�W�R�U�� �7�K�H �G�H�V�L�J�Q �S�D�U�D�P�H�W�H�U� �R�I���������� �L�W �L�V �W�X�Q�H�G �D�V
0:01��ts �L�V �W�K�H �V�D�P�S�O�H �W�L�P�H �R�I �W�K�H �V�L�P�X�O�D�W�R�U�� �D�Q�G �L�W �L�V �H�T�X�D�O �W�R0:032��

 (n +1) = (1 � � )(  (n ) + ts! rm (n ) ) + �� rm (n ) ��������

�� �6�L�P�X�O�D�W�L�R�Q �5�H�V�X�O�W�V

�7�K�L�V �V�H�F�W�L�R�Q �S�U�H�V�H�Q�W�V �W�K�H �V�L�P�X�O�D�W�L�R�Q �U�H�V�X�O�W�V �R�I �W�K�H �G�H�V�L�J�Q�H�G �W�U�D�M�H�F�W�R�U�L�H�V �I�R�U �W�K�H �3�'�6�5 �W�R
�P�H�H�W �G�L�I�I�H�U�H�Q�W �W�D�U�J�H�W�V �D�Q�G �F�K�D�Q�J�H �L�W�V �R�U�L�H�Q�W�D�W�L�R�Q�� �,�Q �D�G�G�L�W�L�R�Q�� �Z�H �S�U�H�V�H�Q�W �W�K�H �L�P�S�O�H�P�H�Q�W�D��
�W�L�R�Q �R�I �W�K�H �3�,�' �F�R�Q�W�U�R�O�V �I�R�U �E�R�W�K �'�& �P�R�W�R�U�V��

������ �3�,�' �P�R�W�L�R�Q �F�R�Q�W�U�R�O

�:�H �X�V�H �D �3�,�' �F�R�Q�W�U�R�O�O�H�U �W�R �F�R�Q�W�U�R�O �W�K�H �O�R�Q�J�L�W�X�G�L�Q�D�O �P�R�W�L�R�Q �W�K�U�R�X�J�K �W�K�H �D�Q�J�X�O�D�U �Y�H�O�R�F�L�W�\
�R�I �W�K�H �U�R�E�R�W! s �� �7�K�H �P�D�Q�L�S�X�O�D�W�H�G �Y�D�U�L�D�E�O�H �L�V �W�K�H �W�R�U�T�X�H� �� �D�Q�G �W�K�H �F�R�Q�W�U�R�O�O�H�G �Y�D�U�L�D�E�O�H
�L�V! s �� �7�K�H �F�R�Q�W�U�R�O �L�V �W�X�Q�L�Q�J �X�V�L�Q�J �V�W�R�F�K�D�V�W�L�F�V �W�H�V�W �V�L�J�Q�D�O�V �W�K�D�W �R�Y�H�U�F�R�P�H �W�K�H �F�R�Q�V�W�U�D�L�Q�W�V
�L�P�S�R�V�H�G �E�\ �V�W�H�S �L�Q�S�X�W�V�� �7�K�H �W�U�D�Q�V�I�H�U �I�X�Q�F�W�L�R�Q �I�U�R�P �W�K�H �P�R�W�R�U �'�& �W�R�U�T�X�H� �W�R �W�K�H �D�Q�J�X�O�D�U



�6�D�Q�F�K�H�]���6�R�O�D�U �6�����'���� �5�R�G�U�L�J�X�H�]���*�R�P�H�] �*���� �0�D�U�W�L�Q�H�]���&�D�U�U�D�Q�]�D �-���� �&�R�Q�W�U�R�O �R�I ��������������

�Y�H�O�R�F�L�W�\! s �L�V �R�E�W�D�L�Q�H�G �I�U�R�P �W�K�H �O�L�Q�H�D�U�L�]�D�W�L�R�Q �R�I ������ �>�6�D�Q�F�K�H�]���6�R�O�D�U �H�W �D�O�� �����@


 s

T
=

�
�
18:17s2 + 522:86

�

s3 + 1 :64s2 + 24:98s + 36:6
��������

�Z�K�H�U�H
 s �D�Q�GT �D�U�H �W�K�H �/�D�S�O�D�F�H �W�U�D�Q�V�I�R�U�P �R�I! s �\ � �� �7�K�H �V�W�D�W�H���V�S�D�F�H �P�R�G�H�O �R�I �W�K�H �U�R�E�R�W
�V�S�K�H�U�L�F�D�O �R�E�W�D�L�Q �I�U�R�P �������� �L�V �D�V �I�R�O�O�R�Z�V��

_x =

"
0 1 0
0 0 1

� 36:6 � 24:98 � 1:64

# "
x1
x2
x3

#

+

"
0
0
1

#

u ��������

y(t) = [ � 522:86 0 � 18:16](x1; x2; x3)T

�7�R �I�L�Q�G �W�K�H �F�R�Q�W�U�R�O �J�D�L�Q�Vkp; kI ; kd �� �Z�H �X�V�H �W�K�H �V�L�P�X�O�D�W�L�R�Q���E�D�V�H�G �R�S�W�L�P�L�]�D�W�L�R�Q �P�H�W�K�R�G��
�R�O�R�J�\�� �*�L�Y�H�Q �D�Q �L�Q�S�X�W �F�R�Q�W�U�R�O�� �I�L�U�V�W�� �Z�H �V�L�P�X�O�D�W�H �W�K�H �S�K�\�V�L�F�D�O �S�U�R�F�H�V�V �J�L�Y�H�Q �E�\���������R�Y�H�U
[0; 15]�� �V�H�F�R�Q�G�� �Z�H �H�Y�D�O�X�D�W�H �W�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q�������L�Q �W�K�H �V�W�D�W�H �I�L�Q�D�O �U�H�D�F�K�H�G�� �W�K�L�U�G�� �Z�H
�X�V�H �W�K�H �3�R�O�D�N���5�L�E�L�H�U�H �F�R�Q�M�X�J�D�W�H �J�U�D�G�L�H�Q�W �P�H�W�K�R�G �W�R �I�L�Q�G �W�K�H �F�R�Q�W�U�R�O �J�D�L�Q�V �>�+�D�V�G�R�U�I�I
������ �0�D�W�X�V���9�D�U�J�D�V �H�W �D�O�� �����@��

�7�K�H �L�Q�L�W�L�D�O �J�X�H�V�V �X�V�H�G �W�R �W�K�H �F�R�Q�M�X�J�D�W�H �J�U�D�G�L�H�Q�W �P�H�W�K�R�G �L�Vkp = � 18��kI = � 1��
kd = 1 �� �W�K�H �S�D�U�D�P�H�W�H�UR = 1 � 10� 9 ���V�H�H ���������� �7�R �D�S�S�U�R�[�L�P�D�W�H �W�K�H �Q�X�P�H�U�L�F�D�O �V�R�O�X�W�L�R�Q��
�Z�H �X�V�H �D �V�W�H�S �I�L�[�H�G �I�R�X�U�W�K �R�U�G�H�U �5�X�Q�J�H�±�.�X�W�W�D �P�H�W�K�R�G �Z�L�W�K �L�Q�W�H�J�U�D�W�L�R�Q �V�W�H�S� t = 0 :01��
�7�K�H �L�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Q �R�I �W�K�H �O�L�Q�H�D�U �P�R�G�H�O���������D�U�H(0; 0; 0)�� �7�K�H �G�L�V�W�X�U�E�D�Q�F�H �V�L�J�Q�D�O�Vd1(t)
�D�Q�Gd2(t) �K�D�Y�H �D �P�H�D�Q �D�Q�G �Y�D�U�L�D�Q�F�H �R�I� = 0 �D�Q�G� 2 = 10�� � = 0 �� �D�Q�G� 2 = 3
�U�H�V�S�H�F�W�L�Y�H�O�\�� �7�K�H �U�R�R�W���P�H�D�Q���V�T�X�D�U�H �H�U�U�R�U ���5�0�6�(�� �R�Ie = ! ssp + d1(t) � ! s �� �D�Q�G �W�K�H
�F�R�Q�W�U�R�O �J�D�L�Q�Vkp; kI ; kd �D�U�H �G�H�S�L�F�W�H�G �L�Q �7�D�E�O�H ����

kp kI kd �5�0�6�(
� 43:77 � 2:90 � 0:22 0:15

�7�D�E�O�H ���� �&�R�Q�W�U�R�O�O�H�U �J�D�L�Q�V �I�R�U �W�K�H �I�L�U�V�W �P�R�W�R�U

�)�L�J�X�U�H �� �G�L�V�S�O�D�\�V �W�K�H �S�H�U�I�R�U�P�D�Q�F�H �R�I �W�K�H �R�S�W�L�P�L�]�H�G �3�,�' �F�R�Q�W�U�R�O�O�H�U �Z�L�W�K �V�W�R�F�K�D�V�W�L�F �W�H�V�W
�V�L�J�Q�D�O�V�� �7�K�H �D�Q�J�X�O�D�U �Y�H�O�R�F�L�W�\! s �L�V �Y�H�U�\ �V�L�P�L�O�D�U �W�R �W�K�H �G�L�V�W�X�U�E�L�Q�J �V�H�W �S�R�L�Q�W! ssp + d1(t)��
�W�K�H �E�H�K�D�Y�L�R�U �L�V �I�R�O�O�R�Z�L�Q�J �L�W�V �5�0�6 �R�I0:15�� �6�W�R�F�K�D�V�W�L�F �3�,�' �F�R�Q�W�U�R�O�O�H�U �R�X�W�S�H�U�I�R�U�P�V �=�L�H�J�O�H�U��
�1�L�F�K�R�O�V �3�,�' �V�L�Q�F�H �W�K�H �=�L�H�J�O�H�U �F�R�Q�W�U�R�O�O�H�U �U�H�V�S�R�Q�V�H �K�D�V �D�Q �R�Y�H�U�V�K�R�R�W �R�I16���� �D�Q�G �D �V�H�W�W�O�L�Q�J
�W�L�P�H �R�I0:4s�� �6�W�R�F�K�D�V�W�L�F �3�,�' �F�R�Q�W�U�R�O�O�H�U �G�R�H�V �Q�R�W �K�D�Y�H �R�Y�H�U�V�K�R�R�W�� �D�Q�G �K�L�V �V�H�W�W�O�L�Q�J �W�L�P�H �L�V
�D�O�P�R�V�W0�� �7�K�H �F�R�P�S�D�U�L�V�R�Q �E�H�W�Z�H�H�Q �E�R�W�K �3�,�' �F�R�Q�W�U�R�O�O�H�U�V �L�V �S�U�H�V�H�Q�W�H�G �L�Q �)�L�J�X�U�H ����

�7�K�H �V�H�F�R�Q�G �3�,�' �Z�D�V �W�X�Q�H�G �P�D�Q�X�D�O�O�\�� �W�K�L�V �L�V�� �E�\ �W�U�L�D�O �D�Q�G �H�U�U�R�U�� �D�Q�G �K�D�G �G�L�I�I�H�U�H�Q�W
�Y�D�O�X�H�V �I�R�U �H�D�F�K �L�U�U�H�J�X�O�D�U �V�X�U�I�D�F�H �D�Q�G �I�R�U �H�D�F�K �V�H�F�W�L�R�Q �R�U �V�H�P�L�F�L�U�F�O�H �R�I �W�K�H �W�U�D�M�H�F�W�R�U�\�� �7�K�H
�Y�D�O�X�H�V �I�R�U �E�R�W�K �V�X�U�I�D�F�H�V �D�U�H �S�U�H�V�H�Q�W�H�G �L�Q �7�D�E�O�H ����

������ �9�L�U�W�X�D�O �H�Q�Y�L�U�R�Q�P�H�Q�W

�:�H �V�L�P�X�O�D�W�H �W�K�H �V�S�K�H�U�L�F�D�O �U�R�E�R�W �P�R�Y�L�Q�J �R�Y�H�U �W�Z�R �L�U�U�H�J�X�O�D�U �V�X�U�I�D�F�H�V �L�Q �W�K�H �Y�L�U�W�X�D�O �H�Q�Y�L��
�U�R�Q�P�H�Q�W �:�H�E�R�W�V�‹ �W�R �Y�H�U�L�I�\ �L�I �W�K�H �U�R�E�R�W �F�D�Q �I�R�O�O�R�Z �W�K�H �G�H�V�L�J�Q �W�U�D�M�H�F�W�R�U�L�H�V �W�R �P�H�H�W �L�W�V
�W�D�U�J�H�W�V�� �7�K�H �I�L�U�V�W �V�X�U�I�D�F�H �L�V �J�H�Q�H�U�D�W�H�G �E�\�������� �D�Q�G �W�K�H �V�H�F�R�Q�G �E�\���������� �)�L�J�X�U�H�V �����D �D�Q�G
�����E �G�H�S�L�F�W �E�R�W�K �V�X�U�I�D�F�H�V�� �D�Q�G �W�K�H �V�H�F�R�Q�G �V�X�U�I�D�F�H �K�D�V �V�W�H�H�S�H�U �V�O�R�S�H�V �W�K�D�Q �W�K�H �I�L�U�V�W��



�������� �6�D�Q�F�K�H�]���6�R�O�D�U �6�����'���� �5�R�G�U�L�J�X�H�]���*�R�P�H�] �*���� �0�D�U�W�L�Q�H�]���&�D�U�U�D�Q�]�D �-���� �&�R�Q�W�U�R�O �R�I ������

�)�L�J�X�U�H ���� �&�R�P�S�D�U�L�V�R�Q �E�H�W�Z�H�H�Q �3�,�' �=���1 �D�Q�G �3�,�' �6�W�R�F�K�D�V�W�L�F
�7�U�D�M�H�F�W�R�U�\�6�H�F�W�L�R�Qkp kI kd

1
1 0:048 0:0003 0:003
2 0:01 0:001310:0001
3 0:3 0:2 0:1

2
1 0:01 0:00005 0:17
2 1 0 0
3 0:5 0:01 0:01

�7�D�E�O�H ���� �&�R�Q�W�U�R�O�O�H�U �J�D�L�Q�V �I�R�U �V�H�F�R�Q�G �P�R�W�R�U

f (x; y) = � 0:1(�F�R�V(2x) + cos(2y) � 2) ��������

�)�L�J�X�U�H ���� �G�H�S�L�F�W�V �W�K�H �G�H�V�L�U�H�G �W�U�D�M�H�F�W�R�U�\ �W�R �E�H �I�R�O�O�R�Z�H�G �E�\ �W�K�H �V�S�K�H�U�L�F�D�O �U�R�E�R�W �R�Y�H�U �W�K�H
�L�U�U�H�J�X�O�D�U �V�X�U�I�D�F�H�� �,�W �F�R�Q�V�L�V�W�V �R�I �W�K�U�H�H �V�H�P�L�F�L�U�F�X�O�D�U �W�U�D�M�H�F�W�R�U�L�H�V �W�R �F�K�D�Q�J�H �W�K�H �R�U�L�H�Q�W�D�W�L�R�Q
�R�I �W�K�H �V�S�K�H�U�L�F�D�O �U�R�E�R�W�� �'�X�H �W�R �L�W�V �Q�R�Q���K�R�O�R�Q�R�P�L�F �F�R�Q�V�W�U�D�L�Q�W�V�� �L�W �L�V �Q�R�W �F�D�S�D�E�O�H �R�I �W�X�U�Q�L�Q�J
�D�U�R�X�Q�G �L�W�Vz �D�[�L�V�� �7�K�H �D�Q�J�X�O�D�U �Y�H�O�R�F�L�W�\ �R�I �W�K�H �U�R�E�R�W �L�V� 4rad/ s��

�)�U�R�P �V�L�P�X�O�D�W�L�R�Q�V �W�K�D�W �F�D�Q �E�H �F�R�Q�V�X�O�W�H�G �R�Q �D �Y�L�G�H�R �I�L�O�H �O�R�F�D�W�H�G �D�W�W�K�L�V �O�L�Q�N�� �D�Q�G �I�U�R�P
�)�L�J�X�U�H ���� �Z�H �F�D�Q �R�E�V�H�U�Y�H �W�K�D�W �I�R�U �W�K�H �I�L�U�V�W �V�X�U�I�D�F�H�� �W�K�H �U�R�E�R�W �U�H�D�F�K�H�V �W�K�H �G�H�V�L�U�H�G �J�R�D�O�V �D�Q�G
�H�Q�G�V �X�S �I�D�F�L�Q�J �W�K�H �R�S�S�R�V�L�W�H �G�L�U�H�F�W�L�R�Q �W�R �W�K�H �L�Q�L�W�L�D�O�� �7�K�H �3�,�' �J�D�L�Q�V �I�R�U �E�R�W�K �'�& �P�R�W�R�U�V
�D�U�H �D�G�H�T�X�D�W�H �W�R �V�W�D�E�L�O�L�]�H �W�K�H �P�R�W�L�R�Q �R�I �W�K�H �V�S�K�H�U�L�F�D�O �U�R�E�R�W �D�Q�G �W�R �I�D�F�H �W�K�H �V�O�R�S�H�V �Z�K�R�V�H
�D�Q�J�O�H �L�V �F�R�Q�V�W�D�Q�W�O�\ �F�K�D�Q�J�L�Q�J �L�Q �P�D�J�Q�L�W�X�G�H �D�Q�G �G�L�U�H�F�W�L�R�Q ���I�U�R�P �S�R�V�L�W�L�Y�H �W�R �Q�H�J�D�W�L�Y�H �D�Q�G
�Y�L�F�H �Y�H�U�V�D����

�)�R�U �W�K�H �V�H�F�R�Q�G �V�X�U�I�D�F�H�� �D�V �L�V �V�K�R�Z�Q �L�Q �)�L�J�X�U�H ���� �Z�H �F�D�Q �R�E�V�H�U�Y�H �W�K�D�W �L�W �L�V �P�R�U�H
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