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Abstract. The precise geometric levelling is the main method for solving many scientific and engineering tasks related to 
the recent vertical movements of the Earth’s crust, the changes in slopes and levels of the oceans and seas, defining of 
continental and / or state reference height systems, validation of global geopotential models, monitoring of engineering 
construction, etc. Despite being in use more than a century, there are some incorrect beliefs about accumulation of 
uncertainties in the results obtained by this geodetic method. These mistaken theories cast their damage over the 
methodology of execution of measurements, the assessment of the accuracy, processing of the observation data and so on. 
The purpose of the current research is to throw light on one of the popular beliefs regarding accumulation of differences 
between both measurements of heights between terminal benchmarks in the precise levelling lines. In the research, the 
accumulation of the absolute values of the differences between both height measurements in the lines |D| is analyzed by 
multiple regression. As independent variables we use the square root of the length of leveling lines √𝐿, the length of leveling 
lines L, the sum of the absolute heights in levelling sections in the lines ∑|ℎ|, and the absolute value of the height difference 
between terminal benchmarks |H|. In the interest of plausibility, we analyzed the levelling data from different campaigns 
in two countries with contrasting climate and geological formations, those of the Third precise levelling of Bulgaria /1975-
1984/, the Second precise levelling of Finland /1935-1955/ and the Third precise levelling of Finland /1984-2006/. The 
results from our analyses show that the multiple coefficients of determination of the differences |D| in respect of 
independent variables √𝐿, L, ∑|ℎ|	and |H| are 0.29, 0.36 and 0.28 for the Third precise levelling of Bulgaria, the Second 
precise levelling of Finland and Third precise levelling of Finland, respectively. The most important independent variable 
for explaining the differences |D| in the analyzed levelling networks, which is the only one statistically significant at 99% 
confidence level, is the sum of the absolute heights in levelling sections in the lines ∑|ℎ|. The traditionally supposed 
variable, the square root of the length of leveling lines √𝐿, is not statistically significant even at 90% confidence level in 
the case of each mentioned above network. The major conclusion, which we can make on the basis of the research results, 
is that under 40% of accumulation of the differences |D| between both measurements of heights in the precise levelling 
lines, we can explain by √𝐿, L, ∑ |ℎ|	and |H|. Therefore, we need some new approaches in order to define the maximum 
accepted values of the differences |D| and levelling accuracy estimators. 
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INTRODUCTION  

The precise geometric levelling is the main method for solving many scientific and engineering tasks related to 
the recent vertical movements of the Earth’s crust [5], defining of continental and / or state reference height systems 
[6, 10, 12], validation of global geopotential models [9], monitoring of engineering construction [1], etc. Despite being 
in use more than a century, there are some incorrect beliefs about accumulation of uncertainties in the results obtained 
by this geodetic method. 

In fact, the precise geometric levelling is a process of 𝑛 repeated measurements of station elevations along a 
levelling line, where the number of stations 𝑛 is usually different from line to line. Figure 1 gives a simple illustration 
of the measurement process of the elevation ℎ!" between the terminal benchmarks А and В in a levelling line AB.  

 

 
FIGURE 1. The process of measuring the elevation between points A and B in a levelling line [2, Figure 25.1]. 

 
According to Figure 1, the elevation ℎ!" can be expressed by equation (1),  

 
                                                ℎ!" = 𝑎# − 𝑏# + 𝑎$ − 𝑏$ +⋯+ 𝑎% − 𝑏%                                                        (1) 
 

where 𝑎& and 𝑏& are the backward and the forward staff  readings at station i. Suppose that expression (2) is valid, 
 

                                                              𝑆# = 𝑆$ = ⋯ = 𝑆% = 𝑆                                                                       (2) 
 

than we can write the standard errors of the staff readings 𝑎& and 𝑏& by (3). 
 

                                             𝑚'! = 𝑚(! = 𝑚'" = 𝑚(" = ⋯ = 𝑚'# = 𝑚(# = 𝑚                                         (3) 
 

Based on the Gauss’s law, the standard error 𝑚)$% 		of the height difference ℎ!" can be given by (4). 
 
                                           𝑚)$% = ,𝑚$

'! +𝑚$
(! +⋯+𝑚$

'# +𝑚$
(# = 𝑚√2𝑛                                      (4) 

 
According to Figure 1, the relationships between the length of levelling line L, the number of set up  𝑛 in the line 

and the station sights lengths S, can be expressed by (5) are (6). 
 

                                                                            𝐿 = 2𝑛𝑆                                                                                 (5) 
 

                                                                           2𝑛 = 𝐿 𝑆⁄                                                                                (6) 
 
Putting (6) into (5) and assuming that the accuracy of 1 km levelling 𝑚* follows equation (7), we can present 

the standard error 𝑚)$% 		of the height difference ℎ!" by equation (8). 
 
                                                                        𝑚* = 𝑚/√𝑆                                                                              (7) 
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                                                                 𝑚)$% = 𝑚,𝐿 𝑆⁄ = 𝑚*√𝐿                                                               (8) 
 
Equation (8) expresses the classical view about the accumulation of uncertainties and / or double-run 

differences in the precise levelling. Based on equation (8), the limits for acceptance of both the double-run differences 
|D| and the closing errors in levelling loops are defined by formulas (9) and (10), respectively [1, 2, 7, 8, 11, 12]. 

 
                                                                     |𝐷| 	= ±𝑚+√𝐿                                                                             (9) 
 
                                                                      𝑊 = ±𝑚,√𝐿                                                                             (10) 

The main objective of the current study is to demonstrate that the real data from three state levelling campaigns do 
not supports the above presented logic about accumulation of double-run differences |D|. In addition, some facts about 
the accumulation of the random values will be presented in order to explain the accumulation of |D|. 

MATERIAL AND METHODS 

In the current research, we use the data of the Third Levelling of Bulgaria /1975-1984/, the data of the Second 
Levelling of Finland /1935-1955/ [7], and the data of the Third Levelling of Finland [11]. Contrary to the Finnish data 
[7, 11], the Bulgarian is not published. This data is available on demand from Agency of Geodesy, Cartography and 
Cadastre in Sofia, Bulgaria.  

In order to explain the accumulation of double-run differences |D|, in analysed networks, we performed multiple 
regression in the form of Stepwise Backward Regression [5, 9]. Our initial equation was given in the form (11). 

 
                                                     |𝐷| = 𝑎 + 𝑏. √𝐿 + 𝑐. 𝐿 + 𝑑. ∑|ℎ| + 𝑒. |𝐻|                                          (11) 
 

As independent variables in equation (11) we use the square root of the length of leveling lines √𝐿, the length of 
leveling lines L, the sum of the absolute heights in the levelling sections in the lines ∑ |ℎ|, and the absolute value of 
the height difference between terminal benchmarks |H|. The criteria for excluding an independent variable was its p-
value. If some variable had p-values greater than 0.05, we excluded the variable with the greatest p-value. In order to 
produce unbiased estimations about the squared coefficients of correlation, we intentionally kept the free term of 
equation (11). 

On the next stage of our research, we did some simulations in order to investigate the nature of accumulation of 
differences between random pair, derived from pre-defined distribution. In our simulations we used the Standard 
Normal Distribution with an expectation µ=0 and standard deviation σ=1. Our choice of distribution and its parameters 
was motivated by the classical assumptions about the errors in the precise levelling [7]. According to [7], the errors in 
the precise levelling “are divided into two classes, accidental and systematic, which are assumed to be independent of 
each other. The accidental errors are caused by sources that are independent in all successive observations and obey 
the laws of Gauss. The systematic errors are due to causes acting in a similar manner on successive or adjacent 
levelling observations; these do not obey the laws of Gauss. They become accidental only for distances exceeding a 
certain limit Z of order of several tens of kilometers. The total error is the combined influence of both types of errors 
and is calculated for distances longer than the above limit as the quadratic sum of the accidental and systematic errors”. 
Thus, the Kääriäinen’s thought implies that after several tens of kilometers we have only accidental error. If we 
suppose that the accuracy of the precise levelling is 1mm/√𝑘𝑚, than the Standard Normal Distribution N(0,1) seems 
appropriate distribution for our simulations.  

The procedure of simulations is a simple one, and the reader can repeat it by Excel, following next steps: 
1. Generate one sample random numbers of size 1000 from Standard Normal Distribution. Let us denote this 

sample by S1. 
2. Generate a second sample random numbers of size 1000 from Standard Normal Distribution. Let us name this 

sample as S2. 
3. Generate a new sample that contains the differences of the observation from both the first and the second 

samples that have equal order of appearance, i.e., 𝑃& = 𝑆#& − 𝑆$& , where i={1, 2, 3, …, 1000}. 
4. Generate a final sample of accumulation of the differences 𝐷& =	𝑃& +𝐷&-#. The first value in the sample Di 

will be equal to P1. Thus, D1= P1. 
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5. Plot the sample Di in respect to the order of its members and will result a graph similar to those in Figure 2 
below. 

RESULTS 

This section contains the results from the multiple regression analysis of the data of the Third Levelling of Bulgaria 
– Table 1, the Second Levelling of Finland – Table 2, and the Third Levelling of Finland – Table 3. Summarized 
regression analysis results, in order to be easy compared, are given in Table 4.  

 
TABLE 1. Coefficient and their standard errors, t-Stats and p-Values of the independent variables in equation 

(11) concerning the Third Levelling of Bulgaria /1975-1984/ data. 
Step Coefficients Standard Error t Stat P-value 

 а 4.7903 4.4074 1.087 0.278 
 b -1.7437 1.7593 -0.991 0.323 

Initial c 0.3070 0.1773 1.732 0.085 
 d 0.0030 0.0016 1.901 0.059 
 e 0.0044 0.0021 2.120 0.035* 
 a 0.8514 0.7390 1.152 0.251 

Final c 0.1174 0.0366 3.207 0.002* 
 d 0.0050 0.0013 3.898 1.0E-4* 

* Significance at 95% level. 
 

TABLE 2. Coefficient and their standard errors, t-Stats and p-Values of the independent variables in equation 
(11) concerning the Second Levelling of Finland /1935-1955/ data. 

Step Coefficients Standard Error t Stat P-value 
 а 3.0425 2.6203 1.161 0.248 
 b -0.9815 0.9294 -1.056 0.293 

Initial c 0.1248 0.0829 1.506 0.135 
 d 0.0191 0.0072 2.651 0.009* 
 e 0.0007 0.0202 0.323 0.747 

Final a 1.0919 0.7131 1.531 0.128 
 d 0.0288 0.0036 8.058 4.9E-13* 

* Significance at 95% level. 
 

TABLE 3. Coefficient and their standard errors, t-Stats and p-Values of the independent variables in equation 
(11) concerning the Third Levelling of Finland /1978-2006/ data. 

Step Coefficients Standard Error t Stat P-value 
 а -0.6057 3.7097 -0.163 0.870 
 b 0.1951 1.4408 0.135 0.892 

Initial c 0.0461 0.1332 0.348 0.730 
 d 0.0251 0.0080 3.127 0.002* 
 e 0.0879 0.0271 3.239 0.001* 
 a 0.5903 1.0412 0.567 0.571 

Final d 0.0337 0.0050 6.796 9.3E-11* 
 e 0.0927 0.0266 3.485 6.0E-4* 

* Significance at 95% level. 
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According to Tables 1-4, the p-values of the independent variables √𝐿 and L in equation (11) are greater than 0.05, 
which means, that these variables have insignificant contribution for forming of the absolute values of the differences 
between the elevations in the leveling lines |D|. This conclusion is valid at 95% significance level. The coefficients of 
determination of |D| in respect to the predictors √𝐿, L, ∑ |ℎ|	and |H| are 0.29, 0.35 and 0.28 in the case of the Third 
Bulgarian Levelling data, the Second Finnish Levelling data, and the Third Finnish Levelling data. This simply means 
that 70% of accumulation on the differences |D| should be sought elsewhere.   
 

TABLE 4. Summary regression statistics. 
Step Regression Statistics BG III FIN II FIN III 

 Multiple R 0.539 0.597 0.526 
 R Square 0.290 0.357 0.277 

Initial Adjusted R Square 0.277 0.336 0.264 
 Standard Error 4.687 5.102 9.848 
 Observations 225 129 231 
 Multiple R 0.524 0.581 0.520 
 R Square 0.274 0.338 0.270 

Final Adjusted R Square 0.268 0.333 0.264 
 Standard Error 4.716 5.113 9.848 
 Observations 225 129 231 

 
 

 
FIGURE 2. Accumulation of differences between 1000 random number pairs, derived from the Standard Normal 

Distribution N(µ=0, σ=1). 
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As can be expected, the accumulation of differences between random pairs is a random /stochastic/ process. 

Regardless this fact, the lines in the charts in Figure 2 do not oscillate around zero axis. Actually, they form some 
trends. 

DISCUSSION 

The main objective of the current study was to demonstrate that the real data from three state levelling campaigns 
do not supports the popular belief about accumulation of double-run differences |D| as a function of a square root of 
the lengths of levelling lines √𝐿. Despite differences in climate and geological conditions in Bulgaria and Finland, the 
modernization of levelling equipment and the methodology of the levelling, Tables 1-4 paint a common picture.   

According to Tables 1-3 it is obvious that the sum of measured elevations along levelling lines ∑ |ℎ| is the most 
important variable for accumulation of the differences |D|. Is it a surprise? In fact, it is not, and explanation is simple. 
Let us for reasons of comfort rewrite equation (1) as (12), 

 
                                                    ℎ!" = 𝑎# − 𝑏# + 𝑎$ − 𝑏$ +⋯+ 𝑎% − 𝑏%                                                        (12) 

 
where 𝑎& and 𝑏& are the backward and the forward staff readings at station i. Based on (12), the variance of the elevation 
hAB can be determined by (13). 

 
𝑉𝑎𝑟(ℎ!") = 𝑉𝑎𝑟(𝑎# − 𝑏# + 𝑎$ − 𝑏$ +⋯+ 𝑎% − 𝑏%) =	 

= 𝑉𝑎𝑟(𝑎#) + 𝑉𝑎𝑟(𝑏#) + 𝑉𝑎𝑟(𝑎$) + 𝑉𝑎𝑟(𝑏$) +⋯+ 𝑉𝑎𝑟(𝑎%) + 𝑉𝑎𝑟(𝑏%) −	 

                                 −2𝜌'!(!+2𝜌'!'" − 2𝜌'!(" +⋯− 2𝜌'#(#                                                   (13) 

 
In equation (13) the symbol ρ denotes the coefficient of correlation between two independent staff reading. We 

would like to know where in equation (13) we have measured length in the plane. The answer is nowhere. We only 
have measurements of height differences in the form of the staff reading. Therefore, the accuracy of the quantity hAB 

is function of the accuracy of the staff readings and the correlation among them. As a result, the differences |D| in 
some lines with a similar length are different. Of course, there is a correlation between the differences |D| and the 
square root of the lengths of levelling lines √𝐿, but this is a spurious correlation because of the heteroscedasticity of 
the relationship between |D| and √𝐿 [3, 4]. Spurious relationships will initially appear to show that one variable 
directly affects another, but that is not the case. This misleading correlation is often caused by a third factor that is not 
apparent at the time of examination. This is sometimes called a confounding factor. Our confounding factor is actually 
the sum of measured elevations along levelling lines ∑ |ℎ|.  

According Table 4, excluding the independent variables  √𝐿, L and |H| from (11) do not affect the accuracy of the 
model (11). Regardless of this fact, the accumulation of the differences |D| in the analysed three precise levelling 
networks with total length approximately 20 000 /or a half of Earth’s circumference along the Equator/ can be 
explained by all above mentioned variables up to 40%. Thus, more than 60% of the variance of the differences stays 
unexplained by supposed factors. The reason is the stochastic nature of the accumulation of differences between two 
random observations. Looking at Figure 2, one can find parts in each chart with systematic upward or downward 
trends, which recalls those several tens of kilometres for which told Kääriäinen [7] and estimated by [12, Appendix 
27].  

CONCLUSION 

The major factor of accumulation of the differences |D| between both measurements of heights in the precise 
levelling lines is the sum of measured elevations along levelling lines ∑ |ℎ|. The contribution of such predictors in 
equation (11) as a square root of the length of levelling lines √𝐿, the length of levelling lines L, and the absolute values 
of the height differences between the levels of the terminal benchmarks in levelling lines |H|, is insignificant. The full 
model (11) cannot explain more than 40% of accumulation of the differences |D| between both measurements of 
heights in the precise levelling lines because there is a significant part with stochastic nature in the differences |D|. 
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Consequently, we need some new approaches, distinctly different from the prescribed [7, 8, 11, 12], in order to define 
the maximum accepted values of the differences |D| and the levelling accuracy estimators. 
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